Index of transversally elliptic operators by Paradan, Paul-Emile & Vergne, Michèle
Index of transversally elliptic operators
Paul-Emile Paradan, Miche`le Vergne
To cite this version:
Paul-Emile Paradan, Miche`le Vergne. Index of transversally elliptic operators. Asterisque,
2009, From Probability to Geometry (II). Volume in honor of the 60th birthday of Jean-Michel
Bismut (328), pp.297-338. <hal-00271113>
HAL Id: hal-00271113
https://hal.archives-ouvertes.fr/hal-00271113
Submitted on 8 Apr 2008
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destine´e au de´poˆt et a` la diffusion de documents
scientifiques de niveau recherche, publie´s ou non,
e´manant des e´tablissements d’enseignement et de
recherche franc¸ais ou e´trangers, des laboratoires
publics ou prive´s.
ha
l-0
02
71
11
3,
 v
er
sio
n 
1 
- 8
 A
pr
 2
00
8
Index of transversally elliptic operators
Paul-Emile Paradan, Miche`le Vergne
April 2008
Contents
1 Introduction 2
2 The analytic index 5
2.1 Generalized functions . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.2 Symbols and pseudo-differential operators . . . . . . . . . . . . . . . . 6
2.3 Functoriality property of the analytic index . . . . . . . . . . . . . . . 8
2.3.1 Excision . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.3.2 Exterior product . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.3.3 Free action . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.4 Basic examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.4.1 Bott symbols . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.4.2 Atiyah symbol . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.5 Unicity of the index . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
3 The cohomological index 12
3.1 Restrictions of generalized functions . . . . . . . . . . . . . . . . . . . 13
3.2 Integration of bouquet of equivariant forms . . . . . . . . . . . . . . . 14
3.3 The Chern character with support . . . . . . . . . . . . . . . . . . . . 16
3.4 The Chern character of a transversally elliptic symbol . . . . . . . . . 19
3.5 Definition of the cohomological index . . . . . . . . . . . . . . . . . . . 21
4 The cohomological index coincides with the analytic one 27
4.1 Free action . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
4.2 Multiplicative property . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
4.3 Normalization conditions . . . . . . . . . . . . . . . . . . . . . . . . . 34
4.3.1 Atiyah symbol . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
4.3.2 Bott symbols . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
5 Examples 36
5.1 Pushed symbols . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
5.2 Contact manifolds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
1
1 Introduction
Let M be a compact manifold. The Atiyah-Singer formula for the index of
an elliptic pseudo-differential operator P on M with elliptic symbol σ on T∗M
involves integration over the non compact manifold T∗M of the Chern character
Chc(σ) of σ multiplied by the square of the Â-genus of M :
index(P ) = (2iπ)− dimM
∫
T∗M
Â(M)2 Chc(σ).
Here σ, the principal symbol of P , is a morphism of vector bundles on T∗M
invertible outside the zero section of T∗M and the Chern character Chc(σ)
is supported on a small neighborhood of M embedded in T∗M as the zero
section. It is important that the representative of the Chern character Chc(σ)
is compactly supported to perform integration.
Assume that a compact Lie group K (with Lie algebra k) acts on M . If
the elliptic operator P is K-invariant, then index(P ) is a smooth function on
K. The equivariant index of P can be expressed similarly as the integral of the
equivariant Chern character of σ multiplied by the square of the equivariant
Â-genus of M : for X ∈ k small enough,
(1) index(P )(eX) = (2iπ)− dimM
∫
T∗M
Â(M)2(X)Chc(σ)(X).
Here Chc(σ)(X) is a compactly supported closed equivariant differential
form, that is a differential form on T∗M depending smoothly of X ∈ k, and
closed for the equivariant differential D. The result of the integration deter-
mines a smooth function on a neighborhood of 1 in K and similar formulae
can be given near any point of K. Formula (1) is a “delocalization” of the
Atiyah-Bott-Segal-Singer formula, in the sense of Bismut [9].
The delocalized index formula (1) can be adapted to new cases such as:
• Index of transversally elliptic operators.
• L2-index of some elliptic operators on some non-compact manifolds (Ross-
mann formula for discrete series [19]).
Indeed, in these two contexts, the index exists in the sense of generalized
functions but cannot be always computed in terms of fixed point formulae. A
“delocalized” formula will however continue to have a meaning, as we explain
now for transversally elliptic operators.
The invariant operator P with symbol σ(x, ξ) on T∗M is called transversally
elliptic, if it is elliptic in the directions transversal to K-orbits. In this case, the
operator P has again an index which is a generalized function on K. A very
simple example of transversally elliptic operator is the operator 0 on L2(K): its
index is the trace of the action ofK in L2(K), that is the δ-function onK. At the
opposite side, K-invariant elliptic operators are of course transversally elliptic,
and index of such operators are smooth functions on K given by Formula (1).
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Thus a cohomological formula must incorporate these two extreme cases. Such
a cohomological formula was given in Berline-Vergne [7, 8]. We present here a
new point of view, where the equivariant Chern character Chc(σ)(X) entering
in Formula (1) is replaced by a Chern character with generalized coefficients,
but still compactly supported. Let us briefly explain the construction.
We denote by T∗KM the conormal bundle to the K-orbits. An element (x, ξ)
is in T∗KM if ξ vanishes on tangent vectors to K-orbits. Let supp(σ) be the
support of the symbol σ of a transversally elliptic operator P . By definition,
the intersection supp(σ) ∩ T∗K(M) is compact. By Quillen super-connection
construction, the Chern character Ch(σ)(X) is a closed equivariant differential
form supported near the closed set supp(σ). Using the Liouville one form ω
of T∗M , we construct a closed equivariant form Par(ω) supported near T∗KM .
Outside T∗KM , one has indeed the equation 1 = D(
ω
Dω ), where the inverse of
the form Dω is defined by −i
∫∞
0 e
itDωdt, integral which is well defined in the
generalized sense, that is tested against a smooth compactly supported density
on k. Thus using a function χ equal to 1 on a small neighborhood of T∗KM , the
closed equivariant form
Par(ω)(X) = χ+ dχ
ω
Dω(X)
, X ∈ k,
is well defined, supported near T∗KM , and represents 1 in cohomology without
support conditions. Remark that
Chc(σ, ω) := Ch(σ)(X)Par(ω)(X)
is compactly supported. We prove that, for X ∈ k small enough, we have
(2) index(P )(eX) = (2iπ)− dimM
∫
T∗M
Â(M)2(X)Ch(σ)(X) Par(ω)(X).
This formula is thus entirely similar to the delocalized version of the Atiyah-
Bott-Segal-Singer equivariant index theorem. We have just localized the for-
mula for the index near T∗KM with the help of the form Par(ω), equal to 1 in
cohomology, but supported near T∗KM .
When P is elliptic we can furthermore localize on the zeros of V X (the vector
field on M produced by the action of X) and we obtain the Atiyah-Bott-Segal-
Singer fixed point formulae for the equivariant index of P . However the main
difference is that usually we cannot obtain fixed point formula for the index.
For example, the index of a transversally elliptic operator P where K acts freely
is a generalized function on K supported at the origin. Thus in this case the
use of the form Par(ω) is essential. Its role is clearly explained in the example
of the 0 operator on S1 given at the end of this introduction.
We need also to define the formula for the index at any point of s ∈ K, in
function of integrals over T∗M(s), where M(s) is the fixed point submanifold
of M under the action of s. The compatibility properties (descent method)
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between the formulae at different points s are easy to prove, thanks to a local-
ization formula adapted to this generalized setting.
In the Berline-Vergne cohomological formula for the index of P , the Chern
character Chc(σ)(X) in Formula (1) was replaced by a Chern character
ChBV (σ, ω)(X) depending also of the Liouville one form ω. This Chern char-
acter ChBV (σ, ω) is constructed for “good symbols” σ. It looks like a Gaus-
sian in the transverse directions, and is oscillatory in the directions of the
orbits. Our new point of view defines the compactly supported prod-
uct class Ch(σ)Par(ω) in a straightforward way. We proved in [17] that the
classes ChBV (σ, ω) and Ch(σ)Par(ω) are equivalent in an appropriate coho-
mology space, so that our new cohomological formula gives the analytic index.
However, in this article, we choose to prove directly the equality between the
analytic index and the cohomological index, since we want to show that our
formula in terms of the product class Ch(σ)Par(ω) is natural. We follow the
same line than Atiyah-Singer: functoriality with respect to products and free
actions. The compatibility with the free action reduces basically to the case
of the zero operator on K, and the calculation is straightforward. The typical
calculation is shown below. The multiplicativity property is more delicate, but
is based on a general principle on multiplicativity of relative Chern characters
that we proved in a preceding article [17]. Thus, following Atiyah-Singer [1], we
are reduced to the case of S1 acting on a vector space. The basic examples are
then the pushed symbol with index −
∑∞
n=1 e
inθ and the index of the tangen-
tial ∂ operators on odd dimensional spheres. We include at the end a general
formula due to Fitzpatrick [11] for contact manifolds.
Let us finally point out that there are many examples of transversally elliptic
operators of great interest. The index of elliptic operators on orbifolds are best
understood as indices of transversally elliptic operators on manifolds where a
group K acts with finite stabilizers. The restriction to the maximal compact
subgroupK of a representation of the discrete series of a real reductive group are
indices of transversally elliptic operators [15]. More generally, there is a canon-
ical transversally elliptic operator on any prequantized Hamiltonian manifold
with proper moment map (under some mild assumptions) [15],[20]. For exam-
ple, when a torus T acts on a Hermitian vector V with a proper moment map,
then the partition function which computes the T -multiplicities on the polyno-
mial algebra S(V ∗) is equal to the index of a T -transversally elliptic operator on
V . Furthermore, as already noticed in Atiyah-Singer, and systematically used in
[14], transversally elliptic operators associated to symplectic vector spaces with
proper moment maps and to cotangent manifolds T∗K are the local building
pieces of any K-invariant elliptic operator.
Example 1.1 Let us check the validity of (2) in the example of the zero operator
0S1 acting on the circle group S
1. This operator is S1-transversally elliptic and
its index is equal to
δ1(e
iX) =
∑
k∈Z
eikX , X ∈ Lie(S1) ≃ R.
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The principal symbol σ of 0S1 is the zero morphism on the trivial bundle
S1 × C. Hence Ch(σ)(X) = 1. The equivariant class Â(S1)2(X) is also equal
to 1. Thus the right hand side of (2) becomes
(2iπ)−1
∫
T∗S1
Par(ω)(X).
The cotangent bundle T∗S1 is parametrized by (eiθ , ξ) ∈ S1 × R. The Liouville
1-form is ω = −ξdθ : the symplectic form dω = dθ ∧ dξ gives the orientation of
T∗S1. Since VX = −X ∂∂θ , we have Dω(X) = dθ ∧ dξ −Xξ.
Let g ∈ C∞(R) with compact support and equal to 1 in a neighborhood of 0.
Then χ = g(ξ2) is a function on T∗S1 which is supported in a neighborhood
of T∗S1S
1 = zero section. We look now at the equivariant form Par(ω)(X) =
χ+ dχ ∧ (−iω)
∫∞
0 e
itDω(X) dt. We have
Par(ω)(eiθ, ξ,X) = g(ξ2) + g′(ξ2)2ξdξ ∧ (iξdθ)
∫ ∞
0
eit(dθ∧dξ−Xξ) dt
= g(ξ2)− idθ ∧ d(g(ξ2))
(∫ ∞
0
e−itXξ ξdt
)
.
If we make the change of variable tξ → t in the integral
∫∞
0
e−itXξ ξdt we get
Par(ω)(eiθ, ξ,X) =
{
g(ξ2)− idθ ∧ d(g(ξ2))
(∫∞
0
e−itX dt
)
, if ξ ≥ 0;
g(ξ2) + idθ ∧ d(g(ξ2))
(∫ 0
−∞ e
−itX dt
)
, if ξ ≤ 0.
Finally, since −
∫
ξ≥0
d(g(ξ2)) =
∫
ξ≤0
d(g(ξ2)) = 1, we have
(2iπ)−1
∫
T∗S1
Par(ω)(X) =
∫ ∞
−∞
e−itX dt.
The generalized function δ0(X) =
∫∞
−∞
e−itX dt satisfies∫
Lie(S1)
δ0(X)ϕ(X)dX = vol(S
1, dX)ϕ(0)
for any function ϕ ∈ C∞(Lie(S1)) with compact support. Here vol(S1, dX) =∫ 2π
0
dX is also the volume of S1 with the Haar measure compatible with dX.
Finally, we see that (2) corresponds to the following equality of generalized
functions
δ1(e
iX) = δ0(X),
which holds for X ∈ Lie(S1) small enough.
2 The analytic index
2.1 Generalized functions
Let K be a compact Lie group. We denote by Kˆ the set of unitary irreducible
representations of K. If τ ∈ Kˆ, we denote by Vτ the representation space of τ
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and by k 7→ Tr(k, τ) its character. Let τ∗ be the dual representation of K in
V ∗τ .
We denote by C−∞(K) the space of generalized functions on K and by
C−∞(K)K the space of central invariant generalized functions. The space
C∞(K) of smooth functions on K is naturally a subspace of C−∞(K). We
will often use the notation Θ(k) to denote a generalized function Θ on K, al-
though (in general) the value of Θ on a particular point k of K does not have a
meaning. By definition, Θ is a linear form on the space of smooth densities on
K. If dk is a Haar measure onK and Φ ∈ C∞(K), we denote by
∫
K
Θ(k)Φ(k)dk
the value of Θ on the density Φdk.
Any invariant generalized function on K is expressed as Θ(k) =∑
τ∈Kˆ nτ Tr(k, τ) where the Fourier coefficients nτ have at most of polynomial
growth.
2.2 Symbols and pseudo-differential operators
Let M be a compact manifold with a smooth action of a compact Lie group K.
We consider the closed subset T∗KM of the cotangent bundle T
∗M , union of
the spaces (T∗KM)x, x ∈ M , where (T
∗
KM)x ⊂ T
∗
xM is the orthogonal of the
tangent space at x to the orbit K · x. Let E± be two K-equivariant complex
vector bundles over M . We denote by Γ(M, E±) the space of smooth sections
of E±. Let P : Γ(M, E+) → Γ(M, E−) be a K-invariant pseudo-differential
operator of orderm. Let p : T∗M →M be the natural projection. The principal
symbol σ(P ) of P is a bundle map p∗E+ → p∗E− which is homogeneous of degree
m, defined over T∗M \M .
The operator P is elliptic if its principal symbol σ(P )(x, ξ) is invertible for
all (x, ξ) ∈ T∗M such that ξ 6= 0. The operator P is said to be K-transversally
elliptic if its principal symbol σ(P )(x, ξ) is invertible for all (x, ξ) ∈ T∗KM such
that ξ 6= 0.
Using a K- invariant function χ on T∗M identically equal to 1 in a neighbor-
hood of M and compactly supported, then σP (x, ξ) := (1 − χ(x, ξ))σ(P )(x, ξ)
is a morphism from p∗E+ to p∗E− defined on the whole space T∗M and which
is almost homogeneous: σP (x, tξ) = t
mσP (x, ξ) for t > 1 and ξ large enough.
We consider the support of the morphism σP ,
supp(σP ) := {(x, ξ) ∈ T
∗M | σP (x, ξ) is not invertible}
which is a closed K-invariant subset of T∗M .
When P is elliptic, then supp(σP ) is compact, and the morphism σP gives rise
to aK0-theory class [σP ] ∈ K0K(T
∗M) which does not depend of the choice of χ.
Similarly, when P is K-transversally elliptic, then supp(σP )∩T
∗
KM is compact
and the morphism σP gives rise to a K
0-theory class [σP |T∗KM ] ∈ K
0
K(T
∗
KM)
which does not depend of the choice of χ.
Recall the definition of the K-equivariant index of a pseudo-differential op-
erator P which is K-transversally elliptic. Let us choose a K-invariant metric
on M and K-invariant Hermitian structures on E±. Then the adjoint P ∗ of P
is also a K-transversally elliptic pseudo-differential operator.
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If P is elliptic, its kernel kerP := {s ∈ Γ(M, E+)| Ps = 0} is finite dimen-
sional, and the K-equivariant index of P is the central function indexK(P )(k) =
Tr(k, kerP )− Tr(k, kerP ∗).
If P is K-transversally elliptic, its kernel kerP is not finite dimensional,
but it has finite multiplicities: the vector space kerP is an admissible K-
representation. Let us explain this notion. For any irreducible representation
τ ∈ Kˆ, the multiplicity mτ (P ) := homK(Vτ , kerP ) is finite, and τ 7→ mτ (P )
has at most a polynomial growth. We define then a central invariant generalized
function on K by setting
Tr(k, kerP ) :=
∑
µ∈Kˆ
mτ (P )Tr(k, τ).
Definition 2.1 The K-equivariant index of a K-transversally elliptic pseudo-
differential operator P is the generalized function
indexK(P )(k) = Tr(k, kerP )− Tr(k, kerP ∗).
We recall
Theorem 2.2 (Atiyah-Singer) • The K-equivariant index of a K-invariant
elliptic pseudo-differential operator P depends only of [σP ] ∈ K0K(T
∗M).
• The K-equivariant index of a K-transversally elliptic pseudo-differential
operator P depends only of [σP |T∗KM ] ∈ K
0
K(T
∗
KM).
• Each element in K0K(T
∗
KM) is represented by the class [σP |T∗KM ] of a K-
transversally elliptic pseudo differential operator P of order m. Similarly, each
element in K0K(T
∗M) is represented by the class [σP ] of a K-invariant elliptic
pseudo differential operator P of order m.
Thus we can define
(3) indexK,Ma : K
0
K(T
∗
KM)→ C
−∞(K)K
by setting, for P a K-transversally elliptic pseudo-differential operator of order
m, indexK,Ma ([σP |T∗KM ]) = index
K(P ). Similarly, we can define in the elliptic
setting
(4) indexK,Ma : K
0
K(T
∗M)→ C∞(K)K .
Note that we have a natural restriction map K0K(T
∗M) → K0K(T
∗
KM) which
make the following diagram
(5) K0K(T
∗M) //
indexK,Ma

K0K(T
∗
KM)
indexK,Ma

C∞(K)K // C−∞(K)K
commutative.
Let R(K) be the representation ring of K. Using the trace, we will consider
R(K) as a sub-ring of C∞(K)K . The map (3) and (4) are homomorphism of
R(K)-modules and will be called the analytic indices.
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Remark 2.3 In order to simplify the notations we will make no distinction
between an element V ∈ R(K), and its trace function k → Tr(k, V ) which
belongs to C∞(K)K . For example the constant function 1 on K is identified
with the trivial representation of K.
Let H be a compact Lie group acting on M and commuting with the action
of K. Then the space T∗KM is provided with an action of K × H . If [σ] ∈
K0K×H(T
∗
KM), we can associate to [σ] a virtual trace class representation of
K × H . Indeed, we can choose as representative of [σ] the symbol of a H-
invariant and K-transversally elliptic operator P . Then kerP −kerP ∗ is a trace
class representation of K×H . Thus we can define a R(K×H)-homomorphism:
indexK,H,Ma : K
0
K×H(T
∗
KM)→ C
−∞(K ×H)K×H .
Obviously T∗K×H(M) is contained in T
∗
K(M) so we have a restriction mor-
phism r : K0K×H(T
∗
KM)→ K
0
K×H(T
∗
K×HM). We see that
indexK,H,Ma = index
K×H,M
a ◦ r.
However, it is easy to see that for a H-invariant and K-transversally elliptic
symbol [σ], indexK,H,Ma ([σ]) belongs to C
∞(H,C−∞(K)). In particular we can
restrict indexK,H,Ma ([σ]) to H
′ × K, for a subgroup H ′ of H . We can also
multiply indexK,H,Ma ([σ])(g, h) by generalized functions Ψ(h) on H .
2.3 Functoriality property of the analytic index
We have defined for any compact K ×H-manifold M a R(K ×H)-morphism
indexK,H,Ma : K
0
K×H(T
∗
KM)→ C
∞(H,C−∞(K))K×H .
Let us recall some basic properties of the analytic index map:
• [N1] If M = {point}, then indexK,Ma is the trace map R(K) →֒ C
∞(K)K .
• [Diff ] Compatibility with diffeomorphisms: if f : M1 → M2 is a K ×H-
diffeomorphism then indexK,H,M1a ◦f
∗ is equal to indexK,H,M2a .
• [Morph] If φ : H ′ → H is a Lie group morphism, we have φ∗◦ indexK,H,Ma
= indexK,H
′,M
a .
2.3.1 Excision
Let U be a non-compactK-manifold. Lemma 3.6 of [1] tell us that, for any open
K-embedding j : U →֒M into a compact manifold, we have a pushforward map
j∗ : K
0
K(T
∗
KU)→ K
0
K(T
∗
KM).
Let us rephrase Theorem 3.7 of [1].
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Theorem 2.4 (Excision property) The composition
K0K(T
∗
KU)
j∗
−→ K0K(T
∗
KM)
indexK,Ma−→ C−∞(K)K
is independent of the choice of j : U →֒M : we denote this map indexK,Ua .
Note that a relatively compact K-invariant open subset U of a K-manifold
admits an open K-embedding j : U →֒ M into a compact K-manifold. So the
index map indexK,Ua is defined in this case. An important example is when
U → N is a K-equivariant vector bundle over a compact manifold N : we can
imbed U as an open subset of the real projective bundle P(U ⊕ R).
2.3.2 Exterior product
Let us recall the multiplicative property of the analytic index for the product of
manifolds. Consider a compact Lie group K2 acting on two manifolds M1 and
M2, and assume that another compact Lie group K1 acts on M1 commuting
with the action of K2.
The external product of complexes on T∗M1 and T
∗M2 induces a multipli-
cation (see [1]):
⊙ext : K
0
K1×K2(T
∗
K1M1)×K
0
K2(T
∗
K2M2) −→ K
0
K1×K2(T
∗
K1×K2(M1 ×M2)).
Let us recall the definition of this external product. For k = 1, 2, we consider
equivariant morphisms1 σk : E
+
k → E
−
k on T
∗Mk. We consider the equivariant
morphism on T∗(M1 ×M2)
σ1 ⊙ext σ2 : E
+
1 ⊗ E
+
2 ⊕ E
−
1 ⊗ E
−
2 −→ E
−
1 ⊗ E
+
2 ⊕ E
+
1 ⊗ E
−
2
defined by
(6) σ1 ⊙ext σ2 =
(
σ1 ⊗ Id −Id⊗ σ∗2
Id⊗ σ2 σ∗1 ⊗ Id
)
.
We see that the set supp(σ1 ⊙ σ2) ⊂ T
∗M1 ×T
∗M2 is equal to supp(σ1) ×
supp(σ2).
We suppose now that the morphisms σk are respectively Kk-transversally
elliptic. Since T∗K1×K2(M1×M2) 6= T
∗
K1M1×T
∗
K2M2, the morphism σ1⊙extσ2
is not necessarily K1 × K2-transversally elliptic. Nevertheless, if σ2 is taken
almost homogeneous of order m = 0, then the morphism σ1 ⊙ext σ2 is K1 ×K2-
transversally elliptic (see Lemma 4.9 in [17]). So the exterior product a1⊙ext a2
is the K0-theory class defined by σ1 ⊙ext σ2, where ak = [σk] and σ2 is taken
almost homogeneous of order m = 0.
Theorem 2.5 (Multiplicative property) For any [σ1] ∈ K
0
K1×K2
(T∗K1M1)
and any [σ2] ∈ K0K2(T
∗
K2M2) we have
indexK1×K2,M1×M2a ([σ1]⊙ext [σ2]) = index
K1,K2,M1
a ([σ1]) index
K2,M2
a ([σ2]).
1In order to simplify the notation, we do not make the distinctions between vector bundles
on T∗M and on M .
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2.3.3 Free action
LetK and G be two compact Lie groups. Let P be a compact manifold provided
with an action of K × G. We assume that the action of K is free. Then the
manifold M := P/K is provided with an action of G and the quotient map
q : P → M is G-equivariant. Note that we have the natural identification of
T∗KP with q
∗T∗M , hence (T∗KP )/K ≃ T
∗M and more generally
(T∗K×GP )/K ≃ T
∗
GM.
This isomorphism induces an isomorphism
Q∗ : K0G(T
∗
GM)→ K
0
K×G(T
∗
K×GP ).
Let E± be two G-equivariant complex vector bundles on M and σ : p∗E+ →
p∗E− be a G-transversally elliptic symbol. For any irreducible representation
(τ, Vτ ) of K, we form the G-equivariant complex vector bundle Vτ := P ×K Vτ
on M . We consider the morphism
στ := σ ⊗ IdVτ : p
∗(E+ ⊗ Vτ )→ p
∗(E− ⊗ Vτ )
which is G-transversally elliptic.
Theorem 2.6 (Free action property) We have the following equality in
C−∞(K ×G)K×G: for (k, g) ∈ K ×G
indexK×G,Pa (Q
∗[σ])(k, g) =
∑
τ∈Kˆ
Tr(k, τ) indexG,Ma ([στ∗ ])(g).
2.4 Basic examples
2.4.1 Bott symbols
Let W be a Hermitian vector space. For any v ∈ W , we consider on the Z2-
graded vector space ∧W the following odd operators: the exterior multiplication
m(v) and the contraction ι(v). The contraction ι(v) is an odd derivation of ∧W
such that ι(v)w = (w, v) for w ∈ ∧1W =W .
The Clifford action of W on ∧W is defined by the formula
(7) c(v) = m(v)− ι(v)
Then c(v) is an odd operator on ∧W such that c(v)2 = −‖v‖2Id. So c(v) is
invertible when v 6= 0.
Consider the trivial vector bundles E± := W × ∧±W over W with fiber
∧±W . The Bott morphism Bott(W ) : E+ → E− is defined by
(8) Bott(W )(v, w) = (v, c(v)w).
Consider now an Euclidean vector space V . Then its complexification VC
is an Hermitian vector space. The cotangent bundle T∗V is identified with
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VC: we associate to the covector ξ ∈ T
∗
vV the element v + iξˆ ∈ VC, where
ξ ∈ V ∗ → ξˆ ∈ V is the identification given by the Euclidean structure.
Then Bott(VC) defines an elliptic symbol on V which is equivariant relatively
to the action of the orthogonal group O(V ).
Proposition 2.7 We have [N2]: indexO(V ),Va (Bott(VC)) = 1.
Remark 2.8 If V and W are two euclidean vector spaces we see that the symbol
Bott((V ×W )C) is equal to the product Bott(VC)⊙Bott(WC). Then for (g, h) ∈
O(V )×O(W ), the multiplicative property tells us that
indexO(V×W ),V×Wa (Bott((V ×W )C))(g, h)
is equal to the product indexO(V ),Va (Bott(VC))(g) index
O(W ),W
a (Bott(WC))(h).
For any g ∈ O(V ), the vector space V decomposes as an orthogonal sum
⊕iVi of g-stables subspaces, where either dimVi = 1 and g acts on Vi as ±1, or
dimVi = 2 and g acts on Vi as a rotation.
Hence [N2] is satisfied for any euclidean vector space if one check it for the
cases:
• V = R with the action of the group O(V ) = Z2,
• V = R2 with the action of the group SO(V ) = S1.
2.4.2 Atiyah symbol
In the following example, we denote, for any integer k, by C[k] the vector space
C with the action of the circle group S1 given by : t · z = tkz.
The Atiyah symbol is the S1-equivariant morphism on N = T∗C[1] ≃ C[1]×
C[1]
σAt : N × C[0] −→ N × C[1](
ξ, v
)
7−→
(
ξ, σAt(ξ)v
)
defined by σAt(ξ) = ξ2 + iξ1 for ξ = (ξ1, ξ2) ∈ T
∗
C[1].
The symbol σAt is not elliptic since supp(σAt) = {ξ1 = iξ2} ⊂ C2 is not
compact. But T∗S1C[1] = {(ξ1, ξ2) | Im (ξ1ξ2) = 0} and supp(σAt) ∩ T
∗
S1C[1] =
{(0, 0)} : the symbol σAt is S1-transversally elliptic.
Proposition 2.9 We have [N3]: indexS
1,C
a (σAt)(t) = −
∑∞
k=1 t
k.
2.5 Unicity of the index
Suppose that for any compact Lie groups K and H , and any compact K ×H-
manifold M , we have a map of R(K ×H)-modules:
I
K,H,M : K0K×H(T
∗
KM)→ C
∞(H,C−∞(K))K×H .
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Theorem 2.10 Suppose that the maps I− satisfy
• the normalization conditions [N1], [N2] and [N3],
• the functorial properties Diff and Morph,
• the “excision property”, the “multiplicative property” and the “free action
property”.
Then I− coincides with the analytic index map index−a .
3 The cohomological index
Let N be a manifold, and let A(N) be the algebra of differential forms on N .
We denote by Ac(N) the subalgebra of compactly supported differential forms.
We will consider on A(N) and Ac(N) the Z2-grading in even or odd differential
forms.
Let K be a compact Lie group with Lie algebra k. We suppose that the
manifold N is provided with an action of K. We denote X 7→ V X the cor-
responding morphism from k into the Lie algebra of vectors fields on N : for
n ∈ N , VnX :=
d
dǫ exp(−ǫX) · n|ǫ=0.
Let A∞(k, N) be the Z2-graded algebra of equivariant smooth functions
α : k → A(N). Its Z2-grading is the grading induced by the exterior degree.
Let D = d − ι(V X) be the equivariant differential: (Dα)(X) = d(α(X)) −
ι(V X)α(X). Here the operator ι(V X) is the contraction of a differential form
by the vector field V X . Let H∞(k, N) := KerD/ImD be the equivariant coho-
mology algebra with C∞-coefficients. It is a module over the algebra C∞(k)K
of K-invariant C∞-functions on k.
The sub-algebra A∞c (k, N) ⊂ A
∞(k, N) of equivariant differential forms with
compact support is defined as follows : α ∈ A∞c (k, N) if there exists a compact
subset Kα ⊂ N such that the differential form α(X) ∈ A(N) is supported on Kα
for any X ∈ k. We denote H∞c (k, N) the corresponding algebra of cohomology:
it is a Z2-graded algebra.
Let A−∞(k, N) be the space of generalized equivariant differential forms. An
element α ∈ A−∞(k, N) is, by definition, a C−∞-equivariant map α : k → A(N).
The value taken by α on a smooth compactly supported density Q(X)dX on k
is denoted by
∫
k
α(X)Q(X)dX ∈ A(N). We have A∞(k, N) ⊂ A−∞(k, N) and
we can extend the differential D to A−∞(k, N) [12]. We denote by H−∞(k, N)
the corresponding cohomology space. Note that A−∞(k, N) is a module over
A∞(k, N) under the wedge product, hence the cohomology space H−∞(k, N) is
a module over H∞(k, N).
The sub-space A−∞c (k, N) ⊂ A
−∞(k, N) of generalized equivariant differen-
tial forms with compact support is defined as follows : α ∈ A−∞c (k, N) if there
exits a compact subsetKα ⊂ N such that the differential form
∫
k
α(X)Q(X)dX ∈
A(N) is supported on Kα for any compactly supported density Q(X)dX . We
denote H−∞c (k, N) the corresponding space of cohomology. The Z2-grading on
A(N) induces a Z2-grading on the cohomology spacesH−∞(k, N) andH−∞c (k, N).
If U is a K-invariant open subset of k, ones defines also H−∞(U , N) and
H−∞c (U , N). If N is equipped with a K-invariant orientation, the integration
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over N defines a morphism∫
N
: H−∞c (U , N) −→ C
−∞(U)K .
3.1 Restrictions of generalized functions
Let K be a compact Lie group with Lie algebra k. For any s ∈ K (resp. S ∈ k),
we denote K(s) (resp. K(S)) the stabilizer subgroup: the corresponding Lie
algebra is denoted k(s) (resp. k(S)).
For any s ∈ K, we consider a (small) open K(s)-invariant neighborhood
Us of 0 in k(s) such that the map [k, Y ] 7→ kseY k−1 is an open embedding of
K×K(s)Us on an open neighborhood of the conjugacy classK ·s := {ksk
−1, k ∈
K} ≃ K/K(s).
Similarly, for any S ∈ k, we consider a (small) open K(S)-invariant neigh-
borhood US of 0 in k(S) such that the map [k, Y ] 7→ Ad(k)(S + Y ) is a
open embedding of K ×K(S) US on an open neighborhood of the adjoint or-
bit K · S ≃ K/K(S).
Note that the map Y 7→ [1, Y ] realizes Us (resp. US) as a K(s)-invariant
sub-manifold of K ×K(s) Us (resp. K ×K(S) US).
Let Θ be a generalized function on K invariant by conjugation. For any
s ∈ K, Θ defines a K-invariant generalized function on K ×K(s) Us →֒ K which
admits a restriction to the submanifold Us that we denote
Θ|s ∈ C
−∞(Us)
K(s).
If Θ is smooth we have Θ|s(Y ) = Θ(s eY ).
Similarly, let θ be a K-invariant generalized function on k. For any S ∈ k, θ
defines a K-invariant generalized function on K ×K(S) US →֒ k which admits a
restriction to the submanifold US that we denote
θ|S ∈ C
−∞(US)
K(S).
If θ is smooth we have θ|S(Y ) = Θ(S + Y ).
We have K(seS) = K(s)∩K(S) for any S ∈ Us. Let Θ|s ∈ C−∞(Us)K(s) be
the restriction of a generalized function Θ ∈ C−∞(K)K . For any S ∈ Us, the
generalized function Θ|s admits a restriction (Θ|s)|S which is aK(s e
S)-invariant
generalized function defined in a neighborhood of 0 in k(s) ∩ k(S) = k(s eS).
Lemma 3.1 Let Θ ∈ C−∞(K)K .
• For s ∈ K, and S ∈ Us, we have the following equality of generalized
functions defined in a neighborhood of 0 in k(s eS)
(9) (Θ|s)|S = Θ|s eS .
• Let s, k ∈ K. We have the following equality of generalized functions
defined in a neighborhood of 0 in k(s)
(10) Θ|s = Θ|ksk−1 ◦Ad(k).
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When Θ ∈ C∞(K)K is smooth, condition (9) is easy to check: for Y ∈ k(s eS),
we have
(Θ|s)|S(Y ) = Θ|s(S + Y ) = Θ(s e
S+Y ) = Θ(s eS eY ) = Θ|s eS (Y ).
We have the following
Theorem 3.2 Let K be a compact Lie group. Consider a family of general-
ized function θs ∈ C−∞(Us)K(s). We assume that the following conditions are
verified.
• Invariance: for any k and s ∈ K, we have the following equality of
generalized functions defined in a neighborhood of 0 in k(s)
θs = θksk−1 ◦Ad(k).
• Compatibility: for every s ∈ K and S ∈ Us, we have the following
equality of generalized functions defined in a neighborhood of 0 in k(s eS)
θs|S = θs eS .
Then there exists a unique generalized function Θ ∈ C−∞(K)K such that,
for any s ∈ K, the equality Θ|s = θs holds in C−∞(Us)K(s).
3.2 Integration of bouquet of equivariant forms
Let K be a compact Lie group acting on a compact manifold M . We are
interested in the central functions on K that can be defined by integrating
equivariant forms on T∗M .
Let ω be the Liouville 1-form on T∗M . For any s ∈ K, we denote M(s) the
fixed points set {x ∈ M |sx = x}. As K is compact, M(s) is a submanifold of
M , and T∗(M(s)) = (T∗M)(s). The cotangent bundle T∗M(s) is a symplectic
submanifold of T∗M and the restriction ω|T∗M(s) is equal to the Liouville one
form ωs on T
∗M(s). The manifolds T∗M(s) are oriented by their symplectic
form dωs.
For any s ∈ K, the tangent bundle TM , when restricted to M(s), decom-
poses as
TM |M(s) = TM(s)⊕N .
Let s be the linear action induced by s on the bundle TM |M(s): here TM(s) is
the kernel of s− Id, and the normal bundle N is equal to the image of s− Id.
Let ∇ be a K-equivariant connection on the the tangent bundle TM . It
induces K(s)-equivariant connections : ∇0,s on the bundle TM(s) and ∇1,s on
the bundle N . For i = 0, 1, we consider the equivariant curvature Ri(Y ), Y ∈
k(s) of the connections ∇i,s. We will use the following equivariant forms
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Definition 3.3 We consider the following smooth closed K(s)-equivariant forms
on M(s):
Â(M(s))2(Y ) := det
(
R0(Y )
eR0(Y )/2− e−R0(Y )/2
)
,
Ds(N )(Y ) := det
(
1− s eR1(Y )
)
.
The form Â(M(s))2(Y ) is defined for Y in a (small) neighborhood Us of 0 ∈ k(s).
If the manifoldM(s) admits a K(s)-invariant orientation, one can define the
square root of Â(M(s))2 : it is the equivariant Â-genus of the manifold M(s).
The manifold M(s) has several connected components Ci. We denote by
dimM(s) the locally constant function on M(s) equal to dimCi on Ci. In the
formulas of the cohomological index, we will use the following closed equivariant
form on M(s).
Definition 3.4 We consider the smooth closed equivariant form on M(s)
Λs(Y ) := (2iπ)
− dimM(s) Â(M(s))
2(Y )
Ds(N )(Y )
which is defined for Y in a (small) neighborhood Us of 0 ∈ k(s).
Here Us is a small K(s)-invariant neighborhood of 0 in k(s). It is chosen
so that : ad(k)Us = Uksk−1 , and M(s) ∩M(S) = M(s e
S) for any s ∈ K and
any S ∈ Us. For any s ∈ K and any S ∈ Us, let N(s,S) be the normal bundle
of M(s eS) = M(s) ∩ M(S) in M(s). Let R(Z) be the K(s eS)-equivariant
curvature of an invariant euclidean connection on N(s,S). Let
Eul
(
N(s,S)
)
(Z) := (−2π)−rankN(s,S)/2 det 1/2o (R(Z))
be itsK(s eS)-equivariant Euler form. Recall that S induces a complex structure
on the bundle N(s,S). The square root det
1/2
o is computed using the orientation
o defined by this complex structure.
Note that the diffeomorphism k : T∗M(s) → T∗M(ksk−1) induces a map
k : A∞c (Us,T
∗M(s))→ A∞c (Uksk−1 ,T
∗M(ksk−1)). It is easy to check that the
family Λs ∈ A∞(Us,M(s)) satisfies :
(11) k · Λs = Λksk−1 in H
∞(Us,M(s)),
(12) Λs eS (Z) = (−1)
r Λs|M(s eS)
Eul(N(s,S))2
(S + Z) in H∞(U ′,M(s eS)),
where U ′ ⊂ k(s eS) is a small invariant neighborhood of 0, and r = 12 rankR N(s,S).
Let γs ∈ A∞c (U(s),T
∗M(s)) be a family of closed equivariant forms with
compact support. We look now at the family of smooth invariant functions
θ(γ)s(Y ) =
∫
T∗M(s)
Λs(Y )γs(Y ), Y ∈ Us.
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Lemma 3.5 The family θ(γ)s defines an invariant function Θ(γ) ∈ C∞(K)K
if
k · γs = γksk−1 in H
∞
c (Us,T
∗M(s)),
and
γs eS (Z) = γs|T∗M(s eS)(S + Z) in H
∞
c (U
′,T∗M(s eS)),
where U ′ ⊂ k(s eS) is a small invariant neighborhood of 0.
Proof. The proof, that can be found in [10] and [7, 8], follows directly
from the localization formula in equivariant cohomology. Note that the square
Eul(N(s,S))
2 is equal to the equivariant Euler form of the normal bundle of
T∗M(s eS) in T∗M(s).
In this article, the equivariant forms γs that we use are the Chern forms
attached to a transversally elliptic symbol : since they have generalized coeffi-
cients, we will need an extension of Lemma 3.5 in this case.
3.3 The Chern character with support
Let M be a K-manifold. Let p : T∗M →M be the projection.
Let E = E+ ⊕ E− be a Hermitian K-equivariant super-vector bundle over
M . Let σ : p∗E+ → p∗E− be a K-equivariant elliptic symbol: in this section we
do not impose any conditions of ellipticity on σ. Recall that supp(σ) ⊂ T∗M is
the set where σ is not invertible.
Choose a K-invariant super-connection A on p∗E , without 0 exterior degree
term. As in [18, 16], we deform A with the help of σ : we consider the family
of super-connections
A
σ(t) = A + it vσ, t ∈ R,
on E where vσ =
(
0 σ∗
σ 0
)
is an odd endomorphism of E defined with the
help of the Hermitian structure. Let F(σ,A, t)(X), X ∈ k, be the equivariant
curvature of Aσ(t).
We denote by F(X), X ∈ k, the equivariant curvature of A: we have F(X) =
A2 + µA(X) where µA(X) ∈ A(T∗M,End(p∗E)) is the moment of A [6]. Then
F(σ,A, t)(X) ∈ A(T∗M,End(p∗E))+ is given by:
(13) F(σ, ω,A, t)(X) = −t2vσ + it[A, vσ] + F(X).
Let t ∈ R. Consider the K-equivariant forms on T∗M :
Ch(A)(X) = Str(eF(X)),
Ch(A, t)(X) = Str
(
eF(σ,A,t)(X)
)
,
η(σ,A, t)(X) = −i Str
(
vσ e
F(σ,A,t)(X)
)
,
β(σ,A, t)(X) =
∫ t
0
η(σ,A, r)(X)dr.
16
The forms Ch(A), Ch(A, t) and β(σ,A, t) are equivariant forms on T∗M with
C∞-coefficients. We have onT∗M the relationD(β(σ,A, t)) = Ch(A)−Ch(A, t).
We show in [16] that the equivariant forms Ch(A, t) and η(σ,A, t) tends
to zero exponentially fast on the open subset T∗M \ supp(σ), when t goes to
infinity. Hence the integral
β(σ,A)(X) =
∫ ∞
0
η(σ,A, t)(X)dt
defines an equivariant form with C∞-coefficients on T∗M \ supp(σ), and we have
Dβ(σ,A) = Ch(A) on T∗M \ supp(σ).
We will now define the Chern character with support of σ. For any invariant
open neighborhood U of supp(σ), we consider the algebra AU (T
∗M) of differ-
ential forms on T∗M which are supported in U . Let A∞U (k,T
∗M) be the vector
space of equivariant differential forms α : k → AU (T
∗M) which are supported
in U : A∞U (k,T
∗M) is a subspace of A∞(k,T∗M) which is stable under the
derivative D. Let H∞U (k,T
∗M) be the corresponding cohomology space.
The following proposition follows easily:
Proposition 3.6 Let U be a K-invariant open neighborhood of supp(σ). Let
χ ∈ C∞(T∗M) be a K-invariant function, with support contained in U and
equal to 1 in a neighborhood of supp(σ). The equivariant differential form on
T∗M
c(σ,A, χ) = χCh(A) + dχβ(σ,A)
is equivariantly closed and supported in U . Its cohomology class ChU (σ) in
H∞U (k,T
∗M) does not depend on the choice of (A, χ), nor on the Hermitian
structure on E.
Definition 3.7 We define the “Chern character with support” Chsup(σ) as the
collection (ChU (σ))U , where U runs over K-invariant open neighborhood of
supp(σ).
In practice, the Chern character with support Chsup(σ) will be identified with
a class ChU (σ) ∈ H∞U (k,T
∗M), where U is a “sufficiently” small neighborhood
of supp(σ).
When σ is elliptic, we can choose χ ∈ C∞(T∗M)K with compact support,
and we denote
(14) Chc(σ) ∈ H
∞
c (k,T
∗M)
the class defined by the equivariant form with compact support c(σ,A, χ).
We introduce now the Bouquet of Chern characters with support.
Let s ∈ K. Then the action of s on E|M(s) is given by s
E , an even endomor-
phism of E|M(s). The restriction of ω to T
∗M(s) is the canonical 1-form ωs of
T∗M(s).
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The super-connectionA+itvσ restricts to a super-connection on p
∗E|T∗M(s).
Its curvature F(σ,A, t) restricted to T∗M(s) = N(s) gives an element of
A(N(s),End(p∗E|N(s))). To avoid further notations, if χ is a function onM , we
still denote by χ its restriction to M(s), by σ the restriction of σ to T∗M(s),
by F(σ,A, t) the restriction of F(σ,A, t) to T∗M(s), etc....
For Y ∈ k(s), we introduce the following K(s)-equivariant forms on T∗M(s):
Chs(A)(Y ) = Str(s
E eF(Y )),
ηs(σ,A, t)(Y ) = −i Str
(
vσ s
E eF(σ,A,t)(Y )
)
,
βs(σ,A)(Y ) =
∫ ∞
0
ηs(σ, ,A, t)(Y )dt.
Then βs(σ, ω,A) is well defined K(s)-equivariant form with C∞-coefficients on
T∗M(s) \ supp(σ) ∩ T∗M(s). We have similarly dβs(σ,A) = Chs(A) outside
supp(σ) ∩T∗M(s).
The bouquet of Chern characters (Chsup(σ, s))s∈K can be constructed as
follows.
Proposition 3.8 Let U be a K(s)-invariant open neighborhood of supp(σ) ∩
T∗M(s) in T∗M(s). Let χ ∈ C∞(T∗M(s)) be a K(s)-invariant function, with
support contained in U and equal to 1 in a neighborhood of supp(σ) ∩T∗M(s).
The equivariant differential form on T∗M(s)
cs(σ,A, χ)(Y ) = χChs(A)(Y ) + dχβs(σ,A)(Y ), Y ∈ k(s),
is equivariantly closed and supported in U . Its cohomology class ChU (σ, s) in
H∞U (k,T
∗M(s)) does not depend on the choice of (A, χ), nor on the Hermitian
structure on E.
We define the “Chern character with support” Chsup(σ, s) as the collec-
tion (ChU (σ, s))U , where U runs over the K(s)-invariant open neighborhood
of supp(σ) ∩T∗M(s) in T∗M(s).
Lemma 3.9 Let s ∈ K and S ∈ K(s). Then for all Y ∈ k(s) ∩ k(S), one has
cs eS (σ,A, χ)(Y ) = cs(σ,A, χ)(S + Y )|N(s)∩N(S).
Proof. Let N = T∗M . We have to compare the following forms on
N(s) ∩N(S)
Chs eS (A)(Y ) = Str(s
E eS
E
eF(Y )),
Chs(A)(S + Y ) = Str(s
E eF(S+Y )),
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as well as the following forms
ηs eS (σ, ω,A, t)(Y ) = −i Str
(
vσ s
E eS
E
eF(σ,A,t)(Y )
)
,
ηs(σ,A, t)(S + Y ) = −i Str
(
vσ s
E eF(σ,A,t)(S+Y )
)
.
For S ∈ k, the equivariant curvature F(σ,A, t)(S + Y ) on N(S) is equal
to SE + F(σ,A, t)(Y ) as the vector field V S vanishes on N(S). Furthermore,
above N(s) ∩ N(S), the endomorphism F(σ,A, t)(Y ) commutes with SE , for
Y ∈ k(S) ∩ k(s). Thus the result follows.
Then, for any open neighborhood U of supp(σ), the family (ChU (σ, s))s∈K
forms a bouquet of cohomology classes in the sense of [10].
3.4 The Chern character of a transversally elliptic symbol
We keep the same notations than in the previous sections. We denote by ω the
Liouville form on T∗M . In local coordinates (q, p) then ω = −
∑
a padqa. The
two-form Ω = dω =
∑
a dqa ∧ dpa gives a symplectic structure to T
∗M . The
orientation of T∗M is the orientation determined by the symplectic structure
(our convention for the canonical one-form ω differs from [7], but the symplectic
form Ω is the same).
The moment map for the action ofK on (T∗M,Ω) is the map fω : T
∗M → k∗
defined by 〈fω(x, ξ), X〉 = 〈ξ, VxX〉: we have Dω(X) = Ω + 〈fω, X〉.
Remark that T∗KM is the set of zeroes of fω. Recall how to associate to the
1-form ω a K-equivariant form Par(ω) with generalized coefficients supported
near T∗KM .
On the complement of T∗KM , the K-equivariant form
(15) β(ω) = −iω
∫ ∞
0
eitDω dt
is well defined as a K-equivariant form with generalized coefficients, and it is
obvious to check that Dβ(ω) = 1 outside T∗KM .
Definition 3.10 Let U ′ be a K-invariant open neighborhood of T∗KM . Let
χ′ ∈ C∞(T∗M) be a K-invariant function, with support contained in U ′ and
equal to 1 in a neighborhood of T∗KM . The equivariant differential form on
T∗M
Par(ω, χ′) = χ′ + dχ′ β(ω)
is closed, with generalized coefficients, and supported in U ′. Its cohomology class
ParU ′(ω) in H
−∞
U ′ (k,T
∗M) does not depend on the choice of χ′.
We will denote Par(ω) the collection (ParU ′(ω))U ′ .
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It is immediate to verify that
(16) Par(ω, χ′) = 1 +D
(
(χ′ − 1)β(ω)
)
.
Thus, if we do not impose support conditions, theK-equivariant form Par(ω, χ′)
represents 1 in H−∞(k,T∗M).
We consider now a K-transversally elliptic symbol σ on M . We have the
Chern character Chsup(σ) which is an equivariant form with C∞-coefficients
which is supported near supp(σ), and the equivariant form Par(ω) with C−∞-
coefficients which is supported near T∗KM . Since supp(σ) ∩T
∗
KM is compact,
the product
Chsup(σ) ∧ Par(ω)
defines an equivariant formwith compact support with C−∞-coefficients. We
summarize the preceding discussion by the
Theorem 3.11 Let σ be a K-transversally elliptic symbol. Let U,U ′ be respec-
tively K-invariant open neighborhoods of supp(σ) and T∗KM such that U ∩ U
′
is compact. The product
ChU (σ) ∧ ParU ′(ω)
defines a compactly supported class in H−∞c (k,T
∗M) which depends uniquely of
[σ|T∗KM ] ∈ K
0
K(T
∗
KM) : this equivariant class is denoted Chc(σ, ω).
We will use the notation
Chc(σ, ω) = Chsup(σ) ∧ Par(ω)
which summarizes the fact that the class with compact support Chc(σ, ω) is
represented by the product
(17) c(σ,A, χ) ∧ Par(ω, χ′)
where χ, χ′ ∈ C∞(T∗M)K are equal to 1 respectively in a neighborhood of
supp(σ) and T∗KM , and furthermore the product χχ
′ is compactly supported.
Remark 3.12 If σ is elliptic, one can take χ with compact support, and χ′ = 1
on T∗M in Equation (17). We see then that
Chc(σ, ω) = Chc(σ) in H
−∞
c (k,T
∗M).
Let s ∈ K. Similarly, we denote by Par(ωs, χ′) the closed K(s)-equivariant
form on T∗M(s) associated to the canonical 1-form ωs = ω|T
∗M(s) and a
function χ′ ∈ C∞(T∗M(s))K(s) equal to 1 in a neighborhood of T∗K(s)M(s).
For any K(s)-invariant neighborhood U ′ ⊂ T∗M(s) of T∗K(s)M(s), we denote
ParU ′(ωs) ∈ H
−∞
U ′ (k(s),T
∗M(s))
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the class defined by Par(ωs, χ
′) when χ′ is supported in U ′. We denote Par(ωs)
the collection (ParU ′(ω, s))U ′ .
We defined, in Section 3.3, the family of Chern classes (Chsup(σ, s))s∈K for
anyK-invariant symbol. We now define a family (Chc(σ, ω, s))s∈K with compact
support and C−∞-coefficients when σ is a K-transversally elliptic symbol onM .
Note that the restriction σ|T∗M(s) of a K-transversally elliptic symbol on M
is a K(s)-transversally elliptic symbol on M(s).
Proposition 3.13 Let σ be a K-transversally elliptic symbol. Let s ∈ K.
Let U,U ′ ⊂ T∗M(s) be respectively K(s)-invariant open neighborhoods of
supp(σ|T∗M(s)) and T∗K(s)M such that U ∩ U
′ is compact. The product
ChU (σ, s) ∧ ParU ′(ωs)
defines a compactly supported class in H−∞c (k(s),T
∗M(s)) which depends uniquely
of [σ|T∗
K(s)
M(s)]. The notation
Chc(σ, ω, s) = Chsup(σ, s) ∧ Par(ωs)
summarizes the fact that the class with compact support Chc(σ, ω, s) is repre-
sented by cs(σ,A, χ)∧Par(ωs, χ′) where χ, χ′ ∈ C∞(T
∗M(s))K(s) are chosen so
that χχ′ is compactly supported.
3.5 Definition of the cohomological index
Let K be a compact Lie group and let M be a compact K-manifold. The aim
of this section is to define the cohomological index
indexK,Mc : K
0
K(T
∗
KM)→ C
−∞(K)K .
For any [σ] ∈ K0K(T
∗
KM), the generalized function index
K,M
c ([σ]) will be
described through their restrictions indexK,Mc ([σ])|s, s ∈ K (see Section 3.1).
In Subsection 3.2, we have introduce for any s ∈ K, the closed equivariant
form on M(s)
Λs(Y ) := (2iπ)
− dimM(s) Â(M(s))
2(Y )
Ds(N )(Y )
.
We wish to prove first the following theorem.
Theorem 3.14 Let σ be a K-transversally elliptic symbol. There exists a
unique invariant generalized function indexK,Mc (σ) on K satisfying the following
equations. Let s ∈ K. For every Y ∈ k(s) sufficiently small,
(18) indexK,Mc (σ)|s(Y ) =
∫
T∗M(s)
Λs(Y ) Chsup(σ, s)(Y ) Par(ωs)(Y ).
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As Chc(σ, ω, s) = Chsup(σ, s)(Y ) Par(ωs)(Y ) is compactly supported, the
integral (18) of equivariant differential forms with generalized coefficients defines
a generalized function on a neighborhood of zero in k(s). However, we need to
prove that the different local formulae match together. The proof of this theorem
occupies the rest of this subsection. Once this theorem is proved, we can make
the following definition.
Definition 3.15 Let σ be a K-transversally elliptic symbol. The cohomological
index of σ is the invariant generalized function indexK,Mc (σ) on K satisfying
Equation (18). We also rewrite the formula for the cohomological index as
(19) indexK,Mc (σ)|s(Y ) =
∫
T∗M(s)
Λs(Y ) Chc(σ, ω, s)(Y ).
In particular, when s = e, Equation (18) becomes
(20)
indexK,Mc (σ)(e
X) = (2iπ)− dimM
∫
T∗M
Â(M)2(X)Chsup(σ)(X) Par(ω)(X).
Remark 3.16 In (18), (20) and (19) we take for the integration the symplectic
orientation on the cotangent bundles.
Let us now prove Theorem 3.14.
Proof. The right hand side of (18) defines a K(s)-invariant generalized
function θs(Y ) on a neighborhood Us of 0 in k(s). Following Theorem 3.2, the
family (θs)s∈K defines an invariant generalized function on K, if the invariance
condition and the compatibility condition are satisfied. The invariance condition
is easy to check. We will now prove the compatibility condition.
Let s ∈ K, and S ∈ Us. We have to check that the restriction θs|S coincides
with θs eS in a neighborhood of 0 in k(s)∩ k(S) = k(s e
S). We conduct the proof
only for s equal to the identity e, as the proof for s general is entirely similar.
We have to compute the restriction at θe|S of the generalized invariant func-
tion
θe(X) :=
∫
T∗M
Λe(X) Chsup(σ)(X) Par(ω)(X), X ∈ Ue.
For this purpose, we choose a particular representant of the class Chsup(σ)Par(ω)
in H−∞c (k,T
∗M). Since this class only depends of [σ|T∗KM ] ∈ K
0
K(T
∗
KM), we
choose a transversally elliptic symbol σh which is almost homogeneous of degree
0 and such that [σh|T∗KM ] = [σ|T∗KM ].
One can show [17] that the moment map fω : T
∗M → k∗ is proper when re-
stricted to the support supp(σh). We represent Chsup(σh) by the form c(σh,A, χσ)
where χσ is a function on T
∗M such that support(χσ) ∩ {‖fω‖2 ≤ 1} is com-
pact. For this choice of χσ, the equivariant form α(X) = Λe(X) c(σh,A, χσ)(X)
is thus such that support(α)∩{‖fω‖2 ≤ 1} is compact. It is defined for X small
enough. Multiplying by a smooth invariant function of X with small compact
support and equal to 1 in a neighborhood of 0, we may find α(X) defined for
all X ∈ k and which coincide with Λe(X) c(σh,A, χσ)(X) for X small enough.
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We choose χ supported in {‖fω‖2 < 1} and equal to 1 on {‖fω‖2 ≤ ǫ},
and define Par(ω) with this choice of χ. Then α(X)Par(ω)(X) is compactly
supported.
We will now prove the following result:
Proposition 3.17 Let α(X) be a closed equivariant form with C∞-coefficients
on N = T∗M such that {‖fω‖2 ≤ 1} ∩ support(α) is compact. Define the
generalized function θ ∈ C−∞(k)K by
(21) θ(X) :=
∫
N
α(X)Par(ω)(X).
Then, the restriction θ|S is given, for Y = Z − S sufficiently close to 0 by
(22) θ|S(Y ) = (−1)
r
∫
N(S)
α|N(S)(Z)
Eul(NS)2(Z)
Par(ωS)(Z).
Here NS denotes the normal bundle of M(S) in M , and r =
1
2 (dimM −
dimM(S)).
Remark 3.18 The integral (22) is defined using the symplectic orientation
o(ωS) on N(S) = T
∗M(S). The linear action of S on the normal bundle
N ′S of N(S) in N induces a complex structure JS : let o(JS) be corresponding
orientation of the fibers of N ′S. We have then on N(S) the orientation o(S)
such that o(ω) = o(S)o(JS). One can check that (−1)r is the quotient between
o(S) and o(ωS).
Let us apply the last proposition to the form α(X) = Λe(X)Chsup(σh)(X).
If we use (12) and Lemma 3.9, we see that (−1)r
α|N(S)
Eul(NS)2
(S + Y ) is equal to
ΛeS (Y )Chsup(σh, e
S)(Y ). Hence Proposition 3.17 tells us that the the restric-
tion of θe|S is equal to θeS : Theorem 3.14 is proved.
Proof. We now concentrate on the proof of Proposition 3.17.
Remark that if α is compactly supported, we can get rid of the forms Par(ω)
and Par(ωS) in the integrals (21) and (22), since they are equal to 1 in cohomol-
ogy. In this case, the proposition is just the localization formula, as Eul(NS)2
is the Euler class of the normal bundle of T∗M(S) in T∗M .
The proof will follow the same scheme as the usual localization formula (see
[6]) and will use the fact that α|k(S) is exact outside the set of zeroes of S. To
extend the proof of the localization formula in our setting, we have to bypass
the fact that the restriction of Par(ω) to k(S) has no meaning, since Par(ω)
is an equivariant form with generalized coefficients. However, we will use in
a crucial way the fact that the closed equivariant form Par(ω) is the limit of
smooth equivariant forms
ParT (ω)(X) = χ+ dχ
∫ T
0
(−iω eitDω(X))dt.
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Here D
(
ParT (ω)
)
= dχ eiTDω tends to zero as T goes to infinity.
Let ParT (ω)(Z) be the restriction of ParT (ω)(X) to k(S). We write fω =
fSω + f
q
ω relative to the K(S)-invariant decomposition k
∗ = k(S)∗ ⊕ q. Then the
family of K(S)-equivariant forms
eitDω(Z) = eitdω eit〈f
S
ω ,Z〉
tends to 0 outside {fSω = 0}, as t goes to ∞. Since dχ can be non-zero on
the subset {fSω = 0}, the family of k(S)-equivariant forms Par
T (ω)(Z) does not
have a limit when T →∞ in general.
Consider the sub-manifold N(S) := T∗M(S) of N := T∗M . Note that fqω
vanishes on N(S). Let V be an invariant tubular neighborhood of N(S) which
is contained in {‖fqω‖
2 ≤ ǫ2}. We are interested in the restriction Par
T (ω)|V(Z)
to V . Since the function χ is equal to 1 on {‖fω‖2 ≤ ǫ}, we see that dχ|V is
equal to zero in the neighborhood V ∩ {‖fSω ‖
2 ≤ ǫ2} of V ∩ {f
S
ω = 0}. Hence the
limit
(23) Par(ω)|V(Z) = lim
T→∞
ParT (ω)|V(Z), Z ∈ k(S),
defines a K(S)-equivariant form with generalized coefficients on V . Note that
the restriction of Par(ω)|V to N(S) ⊂ V is the K(S)-equivariant form Par(ωS)
associated to the Liouville 1-form ωS on T
∗M(S).
The generalized function θ ∈ C−∞(k)K is the limit, as T goes to infinity, of
the family of smooth functions
θT (X) :=
∫
N
α(X)ParT (ω)(X).
Here the equivariant forms αT = αParT (ω) stay supported in the fixed compact
set K := {‖fω‖
2 ≤ 1} ∩ support(α).
The proof will be completed if we show that the family of smooth functions
θT (Z), Z ∈ k(S), converge to the generalized function
θ′(Z) := (−1)r
∫
N(S)
α(Z)
Eul(NS)2(Z)
Par(ωS)(Z),
as T goes to infinity, and when Z varies in a small neighborhood of S in k(S).
Let U be a relatively compact invariant neighborhood of K in N . Let χ′ ∈
C∞(U)K(S) be such that χ′ is supported in V ∩U , and χ′ = 1 in a neighborhood
of U(S) = N(S) ∩ U . Here V is a tubular neighborhood of N(S) satisfying the
conditions for the existence of the limit (23).
Choose a K-invariant metric 〈−,−〉 on TN . Let λ be the K(S)-invariant
one form on N defined by λ = 〈V S,−〉. Note that D(λ)(S) = dλ − ‖V S‖2 is
invertible outside N(S). One sees that
Pχ′(Z) = χ
′ + dχ′
λ
Dλ(Z)
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is a K(S)-equivariant form on U for Z in a small neighborhood of S. The
following equation of K(S)-equivariant forms on U is immediate to verify:
(24) 1 = Pχ′ +D
(
(1− χ′)
λ
Dλ
)
.
Since the K(S)-equivariant forms
αT (Z) := α(Z)ParT (ω)(Z)
are supported in U , one can multiply (24) by αT . We have then the following
relations between compactly supported K(S)-equivariant forms on N :
αT = Pχ′α
T +D
(
(1 − χ′)
λ
Dλ
)
αT
= Pχ′α
T +D
(
(1 − χ′)
λ
Dλ
αT
)
+ (1− χ′)
λ
Dλ
D(αT ).
According to this equation, we divide the function θT (Z) in two parts
θT (Z) = AT (Z) +BT (Z), for Z − S small
with
AT (Z) =
∫
N
Pχ′(Z)α
T (Z)
and
BT (Z) =
∫
N
(1− χ′)
λ
Dλ(Z)
DαT (Z) =
∫
N
(1− χ′)
λ
Dλ(Z)
α(Z)dχ eiTDω(Z) .
Let p : V → N(S) be the projection, and let i : N(S)→ V be the inclusion.
Since the form Pχ′(Z) is supported in V , the family of smooth equivariant forms
Pχ′(Z)α(Z)Par
T (ω)(Z) converges to
Pχ′(Z)α(Z)Par(ω)|V(Z)
as T goes to ∞, by our previous computation of the limit (23). Hence the
functions AT (Z) converge to∫
V
Pχ′(Z)α(Z)Par(ω)|V(Z) =
∫
V
Pχ′(Z) p
∗◦i∗ (αPar(ω)|V) (Z) [1]
=
∫
N(S),o(S)
p∗(Pχ′)(Z) α|N(S)(Z) Par(ωS)(Z) [2]
=
∫
N(S),o(S)
α|N(S)(Z)
Eul(NS)2(Z)
Par(ωS)(Z) [3]
= (−1)r
∫
N(S)
α|N(S)(Z)
Eul(NS)2(Z)
Par(ωS)(Z). [4]
25
Points [1] and [2] are due to the fact that α(Z)Par(ω)|V(Z) is equal to
p∗◦ i∗ (αPar(ω)|V) (Z) in H−∞(k(S),V) and that Pχ′ has a compact support
relatively to the fibers of p (here p∗ denotes the integration along the fibers).
For point [3], we use then that p∗(Pχ′) multiplied by the Euler class
2 of V is
equal to the restriction of Pχ′ to N(S), which is identically equal to 1. In [4],
we use the symplectic orientation for the integration.
Let us show that the integral
∫
k(S)
BT (Z)ϕ(Z)dZ tends to 0, as T goes to
infinity, for any ϕ ∈ C∞(k(S))K(S) supported in a small neighborhood of S. As
detk/k(S)(Z) does not vanish when Z − S remains small enough, it is enough to
show that
I(T ) :=
∫
N×k(S)
(1− χ′)
λ
Dλ(Z)
DαT (Z)ϕ(Z) det k/k(S)(Z)dZ
tends to 0, as T goes to infinity. We have
I(T ) :=
∫
N×k(S)
eiTDω(Z) η(Z) det k/k(S)(Z)dZ
where η(Z) = (χ′−1) λDλ(Z)α(Z)dχϕ(Z) is a compactly supportedK(S)-equivariant
form on N with C∞-coefficients, which is defined for all Z ∈ k(S). Furthermore
we have η(Z) = 0 for Z outside a small neighborhood of S and
support(η) ∩
{
fω = 0
}
= ∅.
There exists a K-equivariant form Γ : k → A(N) such that Γ(Z) = η(Z) for
any Z − S small in k(S). Indeed we define Γ(X) = k · η(Z) for any choice of
k, Z such that k · Z = X . Here X varies in a (small) neighborhood of K · S.
As η(Z) is zero when Z is not near S, the map X 7→ Γ(X) is supported on a
compact neighborhood of K · S in k. We see also that
(25) support(Γ) ∩
{
fω = 0
}
= ∅.
Condition (25) implies that the integral J(T ) :=
∫
k×N
eiTDω(X) Γ(X)dX
goes to 0, as T goes to infinity. But I(T ) = J(T ). Indeed, write X = k · Z and
apply Weyl integration formula. We obtain
J(T ) =
∫
k(S)
(∫
K×N
eiTDω(k·Z) Γ(k · Z)dk
)
det k/k(S)(Z)dZ
=
∫
k(S)
∫
K×N
k ·
(
eiTDω(Z) η(Z)
)
dk det k/k(S)(Z)dZ.
Integration on the K-manifold N is invariant by diffeomorphisms, thus
J(T ) =
∫
k(S)
∫
N
eiTDω(Z) η(Z) det k/k(S)(Z)dZ = I(T ).
2The Euler form of the vector bundle V → N(S) is equal to the square of the Euler form
of the normal bundle NS of M(S) in M .
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We have shown that the family of smooth function BT (Z) goes to 0, as T
goes to infinity. The proof of Proposition 3.17 is then completed.
Let H be a compact Lie group acting on M and commuting with the action
of K. Then the space T∗KM is provided with an action of K ×H .
Lemma 3.19 If [σ] ∈ K0K×H(T
∗
KM), then the cohomological index
indexK,H,Mc (σ) ∈ C
−∞(K ×H)K×H is smooth relatively to H.
Proof. We have to prove that for any s = (s1, s2) ∈ K×H , the generalized
function
indexK,H,Mc (σ)|s(Y1, Y2)
which is defined for (Y1, Y2) in a neighborhood of 0 in k(s1)× h(s2), is smooth
relatively to the parameter Y2 ∈ h(s2). We check it for s = e.
We have
(26) indexK,H,Mc (σ)|e(X,Y ) =
∫
T∗M
Λe(X,Y )Chsup(σ)(X,Y )Par(ω)(X,Y )
for (X,Y ) ∈ k× h in a neighborhood of 0. The equivariant class with compact
support Chsup(σ)Par(ω) is represented by the product c(σ,A, χ)Par(ω, χ
′) where
(χ, χ′) is chosen so that χ = 1 in a neighborhood of supp(σ), χ′ = 1 in a
neighborhood of T∗K×HM , and χχ
′ is compactly supported.
Since σ is K-transversally elliptic, the set supp(σ)∩T∗KM is compact. Hence
we can choose (χ, χ′) so that χ′ = 1 in a neighborhood of T∗KM and χχ
′ is com-
pactly supported. It easy to check that the equivariant form Par(ω, χ′)(X,Y ) is
then smooth relatively to the parameter Y ∈ h. This show that the right hand
side of (26) is smooth relatively to the parameter Y ∈ h.
Remark 3.20 We will denote Ch1c(σ, ω)(X,Y ) the K×H-equivariant form de-
fined by the product c(σ,A, χ)Par(ω, χ′) where (χ, χ′) is chosen so that χ = 1 in
a neighborhood of supp(σ), χ′ = 1 in a neighborhood of T∗KM , and χχ
′ is com-
pactly supported. The equivariant form Ch1c(σ, ω)(X,Y ) is compactly supported
and is smooth relatively to Y ∈ h.
4 The cohomological index coincides with the
analytic one
In this section, we now prove that the cohomological index is equal to the
analytical index. The main difficulty in the proof of this result in Berline-Vergne
[7, 8] was to prove that their formulae were defining generalized functions which,
moreover, were compatible with each other. The heart of this new proof is the
fact the Chern character with compact support is multiplicative. Thus we rely
heavily here on the results of [17], so that the proof is now easy.
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Theorem 4.1 The analytic index of a transversally elliptic operator P on a
K-manifold M is equal to indexK,Mc ([σP ]).
To prove that the cohomological index is equal to the analytic index, fol-
lowing Atiyah-Singer algorithm, we need only to verify that the cohomological
index satisfies the properties that we listed of the analytic index:
• Invariance by diffeomorphism : Diff ,
• Functorial with respect to subgroups : Morph,
• Excision property,
• Free action properties,
• Multiplicative properties,
• Normalization conditions [N1], [N2] and [N3].
The invariance by diffeomorphism, the functoriality with respect to sub-
groups and the excision property are obviously satisfied by indexK,Mc .
4.1 Free action
We now prove that the cohomological index satisfies the free action property.
We consider the setting of Subsection 2.3.3. The action of K on the bundle
T∗KP is free and the quotient T
∗
KP/K admit a canonical identification with
T∗M . Then we still denote by
q : T∗KP → T
∗M
the quotient map by K: it is a G-equivariant map such that q−1(T∗GM) =
T∗K×GP .
We choose a G-invariant connection θ for the principal fibration q : P →M
of group K. With the help of this connection, we have a direct sum decompo-
sition
T∗P = T∗KP ⊕ P × k
∗.
Let π1 : T
∗P → T∗KP and π2 : T
∗P → P × k∗ be the projections on each
factors. Let
Q : T∗P → T∗M
be the map q ◦ π1.
Let σ be a G-transversally elliptic morphism on T∗M . Its pull-back Q∗σ is
then a K × G-transversally elliptic morphism on T∗P : we have supp(Q∗σ) =
Q−1(supp(σ)) and then supp(Q∗σ)∩T∗K×GP = q
−1(supp(σ)∩T∗GM) is compact.
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Theorem 4.2 Let P → M be a principal fibration with a free right action of
K, provided with a left action of G. Consider a class [σ] ∈ K0G(T
∗
GM) and
its pull-back by Q : [Q∗σ] ∈ K0K×G(T
∗
K×GP ). Then we have the equality of
generalized functions : for (k, g) ∈ K ×G
indexK×G,Pc ([Q
∗σ])(k, g) =
∑
τ∈Kˆ
Tr(k, τ) indexG,Mc ([στ∗ ])(g).
The rest of this section is devoted to the proof. We have to check that for any
(s, s′) ∈ K × G we have the following equality of generalized functions defined
in a neighborhood of k(s)× g(s′) :
(27) indexK×G,Pc ([Q
∗σ])|(s,s′)(X,Y ) =
∑
τ∈Kˆ
Tr(s eX , τ) indexG,Mc ([στ∗ ])|s′ (Y ).
We conduct the proof of (27) only for (s, s′) = (1, 1). This proof can be
adapted to the general case by using the same arguments as Berline-Vergne [8].
First, we analyze the left hand side of (27) at (s, s′) = (1, 1).
We consider the K × G-invariant one form ν = 〈ξ, θ〉 on P × k∗ : here
θ ∈ A1(P )⊗ k is our connection form, and ξ is the variable in k∗. We have
(28) Dν(X,Y ) = dν + 〈ξ, µ(Y )−X〉, X ∈ k, Y ∈ g.
where µ(Y ) = −θ(V Y ) ∈ C∞(P )⊗ k.
We associate to ν the K ×G-equivariant form with generalized coefficients
β(−ν)(X,Y ) = iν
∫∞
0 e
−itDν(X,Y ) dt, (X,Y ) ∈ k × g, which is defined on the
open subset P × k∗ \ {0}. One checks that β(−ν)(X,Y ) is smooth relatively to
the variable Y ∈ g. Let χk∗ ∈ C∞(k∗)K be a function with compact support
and equal to 1 near 0. Then
(29) Par(−ν)(X,Y ) := χk∗ + dχk∗β(−ν)(X,Y )
is a closed equivariant form on P × k∗, with compact support, and which is
smooth relatively to the variable Y ∈ g.
Let σ be a G-transversally elliptic morphism on T∗M . Its pull-back Q∗σ
is then a K × G-transversally elliptic morphism on T∗P . Let ωP and ωM
be the Liouville 1-forms on T∗P and T∗M respectively. We have defined the
equivariant Chern class with compact support Chc(σ, ωM ) ∈ H−∞c (g,T
∗M) and
Chc(Q
∗σ, ωP ) ∈ H
−∞
c (k× g,T
∗P ).
Proposition 4.3 We have the following equality
Chc(Q
∗σ, ωP )(X,Y ) = Q
∗
(
Chc(σ, ωM )
)
(Y ) ∧ π∗2
(
Par(−ν)
)
(X,Y )
in H−∞c (k×g,T
∗P ). Note that the product on the right hand side is well defined
since Par(−ν)(X,Y ) is smooth relatively to the variable Y ∈ g.
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Proof. The proof which is done in [17] follows from the relation
(30) ωP = Q
∗(ωM )− π
∗
2(ν).
We now analyze the term
indexK×G,Pc ([Q
∗σ])|(1,1)(X,Y ) = (2iπ)
−dimP
∫
T∗P
Â(P )2Chc(Q
∗σ, ωP )(X,Y ).
An easy computation gives that Â(P )2(X,Y ) = jk(X)
−1q∗ Â(M)2(Y ), with
jk(X) = detk
(
ead(X)/2 − e−ad(X)/2
ad(X)
)
. If we use Proposition 4.3, we see that
indexK×G,Pc ([Q
∗σ])|(1,1)(X,Y )
=
(2iπ)−dimP
jk(X)
∫
T∗P
π∗1 ◦q
∗
(
Â(M)2Chc(σ, ωM )
)
(Y ) ∧ π∗2Par(−ν)(X,Y )
=
(2iπ)−dimP
jk(X)
∫
T
∗
KP
q∗
(
Â(M)2Chc(σ, ωM )
)
(Y ) ∧
∫
k∗
Par(−ν)(X,Y ).(31)
Let us compute the integral
∫
k∗
Par(−ν)(X,Y ).
We choose a K-invariant scalar product on k and an orthonormal basis
E1, . . . , Er of k, with dual basis E1, . . . , Er : we write X =
∑
kXkE
k for X ∈ k,
and ξ =
∑
k ξkEk for ξ ∈ k
∗. Let θk = 〈Ek, θ〉 be the 1-forms on P associated to
the connection one form. Let vol(K, dXo) be the volume of K computed with
the Haar measure compatible with the volume form dXo = dX1 . . . dXr.
We have dν =
∑
k ξkdθk + dξkθk, and (30) gives that
(dωP )
dimP = q∗ (dωM )
dimM ∧ θr · · · θ1 ∧ π
∗
2 (dξ1 · · · dξr) .
So, in the integral (31), the vector space k∗ is oriented by the volume form
dξo = dξ1 · · · dξr, and T
∗
KP is oriented by q
∗ (dωM )
dimM ∧ θr · · · θ1.
Let Θ = dθ + 12 [θ, θ] ∈ A
2(P ) ⊗ k be the curvature of θ. The equivariant
curvature of θ is
Θ(Y ) = µ(Y ) + Θ.
Then Θ(Y ) ∈ A(P )⊗k is horizontal, and the element Θ ∈ A2(P )⊗k is nilpotent.
If ϕ is a C∞ function on k, then ϕ(Θ(Y )) is computed via the Taylor series
expansion at µ(Y )(p) and ϕ(Θ(Y )) is a horizontal form on P which depends
smoothly and G-equivariantly of Y ∈ g. When ϕ ∈ C∞(k) is K-invariant, the
form ϕ(Θ(Y )) is basic : hence we can look at it as a differential form on M
which depends smoothly and G-equivariantly of Y ∈ g.
Definition 4.4 Let δ(X −Θ(Y )) be the K ×G-equivariant form on P defined
by the relation∫
k×g
δ(X −Θ(Y ))ϕ(X,Y )dXdY := vol(K, dX)
∫
g
ϕ(Θ(Y ), Y )dY,
for any ϕ ∈ C∞(k× g) with compact support. Here vol(K, dX) is the volume of
K computed with the Haar measure compatible with dX.
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One sees that δ(X−Θ(Y )) is a K×G-equivariant form on P which depends
smoothly of the variable Y ∈ g.
Lemma 4.5 Let k∗ be oriented by the volume form dξo = dξ1 · · · dξr. Then∫
k∗
Par(−ν)(X,Y ) = (2iπ)dimKδ(X −Θ(Y ))
θr · · · θ1
vol(K, dXo)
.
Proof. Take χk∗(ξ) = g(‖ξ‖2) where g ∈ C∞c (R) is equal to 1 in a
neighborhood of 0. Let ϕ ∈ C∞c (k) and let ϕ̂(ξ) =
∫
k
ei〈ξ,X〉 ϕ(X)dXo be its
Fourier transform relatively to dXo.
To compute the integral over the fiber k∗ of Par(−ν)(X,Y ), only the highest
exterior degree term in dξ will contribute to the integral. This term comes only
from the term dχk∗β(−ν)(X,Y ) in Par(−ν)(X,Y ) := χk∗ + dχk∗β(−ν)(X,Y ).
We compute
∫
k
(∫
k∗
Par(−ν)(X,Y )
)
ϕ(X)dXo =
∫
k∗
(∫
k
Par(−ν)(X,Y )ϕ(X)dXo
)
=
∫
k∗
dχk∗(iν)
(∫ ∞
0
e−it(dν+〈ξ,µ(Y )〉) ϕ̂(tξ)dt
)
=
∫ ∞
0
(∫
k∗
dχk∗(iν) e
−it(dν+〈ξ,µ(Y )〉) ϕ̂(tξ)
)
︸ ︷︷ ︸
I(t)
dt.
Since dν =
∑
k ξkdθk + dξkθk, the differential form dχk∗(iν) e
−itdν is equal to
2i g′(‖ξ‖2)(
∑
j
ξjdξj)(
∑
k
ξkθk)
∏
l
(1− itdξlθl) e
−it〈ξ,dθ〉,
and its component [dχk∗(iν) e
−itdν ]max of highest exterior degree in dξ is
[dχk∗(iν) e
−itdν ]max = −2(−i)
rtr−1g′(‖ξ‖2)‖ξ‖2
∏
j
(dξj ∧ θj) e
−it〈ξ,dθ〉
= −2(i)rtr−1 θr · · · θ1 g
′(‖ξ‖2)‖ξ‖2 e−it〈ξ,dθ〉 dξo.
So for t > 0 we have
I(t) = −2(i)rtr−1θr · · · θ1
(∫
k∗
g′(‖ξ‖2)‖ξ‖2 e−it〈ξ,dθ+µ(Y )〉 ϕ̂(tξ)dξo
)
= (i)rθr · · · θ1
(∫
k∗
[
(−2g′(‖ξ‖
2
t2 )
‖ξ‖2
t3
]
e−i〈ξ,dθ+µ(Y )〉 ϕ̂(ξ)dξo
)
= (i)rθr · · · θ1
d
dt
(∫
k∗
g(‖ξ‖
2
t2 ) e
−i〈ξ,dθ+µ(Y )〉 ϕ̂(ξ)dξo
)
.
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Finally
∫
k
(∫
k∗
Par(−ν)(X,Y )
)
ϕ(X)dXo is equal to∫ ∞
0
I(t)dt = (i)rθr · · · θ1
(∫
k∗
e−i〈ξ,dθ+µ(Y )〉 ϕ̂(ξ)dξo
)
= (2iπ)r θr · · · θ1 ϕ(dθ + µ(Y ))
= (2iπ)r θr · · · θ1 ϕ(Θ + µ(Y ))
= (2iπ)r
(∫
k
δ(X −Θ(Y ))ϕ(X)dXo
)
θr · · · θ1
vol(K, dXo)
.
The last lemma shows that indexK×G,Pc ([Q
∗σ])|(1,1)(X,Y ) is equal to
(2iπ)−dimM
jk(X)
∫
T
∗
KP
q∗
(
Â(M)2Chc(σ, ωM )
)
(Y ) δ(X −Θ(Y ))
θr · · · θ1
vol(K, dXo)
=
(2iπ)−dimM
jk(X)
∫
T∗M
Â(M)2(Y )Chc(σ, ωM )(Y ) δo(X −Θ(Y )).(32)
Here δo(X − Θ(Y )) denotes the closed K × G-equivariant form M defined
by the relation ∫
k
δo(X −Θ(Y ))ϕ(X)dX = vol(K, dX)ϕ(Θ(Y ))
for any ϕ ∈ C∞c (k). Here ϕ(X) := vol(K, dk)
−1
∫
K
ϕ(kX)dk is the K-invariant
function obtained by averaging ϕ.
Now we analyze the right hand side of (27) at (s, s′) = (1, 1). Here the
Chern class Chsup(στ∗)(Y ) is equal to Chsup(σ)(Y )Ch(Vτ∗)(Y ) where the equiv-
ariant Chern character Ch(Vτ∗)(Y ) is represented by Tr(eΘ(Y ), τ∗). Hence
Chc(στ∗ , ωM )(Y ) = Chc(σ, ωM )(Y )Tr(e
Θ(Y ), τ∗). So the generalized function∑
τ∈Kˆ Tr(e
X , τ) indexG,Mc ([στ∗ ])|1(Y ) is equal to
(33) (2iπ)−dimM
∫
T∗M
Â(M)2(Y )Chc(σ, ωM )(Y ) Ξ(X,Θ(Y ))
where Ξ(X,X ′) is a generalized function on a neighborhood of 0 in k× k defined
by the relation Ξ(X,X ′) =
∑
τ∈Kˆ Tr(e
X , τ)Tr(eX
′
, τ∗).
The Schur orthogonality relation shows that
Ξ(X,X ′) = jk(X)
−1δo(X −X
′).
In other words, Ξ(X,X ′) is smooth relatively to X ′ and for any ϕ ∈ C∞(k)K
which is supported in a small neighborhood of 0, we have vol(K, dX)ϕ(X ′)
=
∫
k
Ξ(X,X ′)jk(X)ϕ(X)dX .
Finally, we have proved that the generalized functions (32) and (33) coin-
cides: the proof of (27) is then completed for (s, s′) = (1, 1).
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4.2 Multiplicative property
We consider the setting of Subsection 2.3.2. We will check that the cohomolog-
ical index satisfies the Mutiplicative property (see Theorem 2.5).
Let M1 be a compact K1 ×K2-manifold, and let M2 be a K2-manifold. We
consider the product M :=M1 ×M2 with the action of K := K1 ×K2.
Theorem 4.6 (Multiplicative property) For any [σ1] ∈ K0K1×K2(T
∗
K1M1)
and any [σ2] ∈ K0K2(T
∗
K2M2) we have
(34) indexK,Mc ([σ1]⊙ext [σ2]) = index
K1,K2,M1
c ([σ1]) index
K2,M2
c ([σ2]).
The product on the right hand side of (34) is well defined since indexK1,K2,M1c ([σ1])
is a generalized function on K1×K2 which is smooth relatively to K2 (see Lemma
3.19).
Proof. Let σ1 be a morphism on T
∗M1, which is K1 × K2-equivariant
and K1-transversally elliptic. Let σ2 be a morphism on T
∗M2, which is K2-
transversally elliptic. The morphism σ2 can be chosen so that it is almost
homogeneous of degree 0. Then the product σ := σ1 ⊙ext σ2 is K-transversally
elliptic morphism on T∗M , and [σ] = [σ1]⊙ext [σ2] in K
0
K(T
∗
KM).
We have to show that for any s = (s1, s2) ∈ K1 ×K2, we have
indexK,Mc ([σ])|s(Y1, Y2) =(35)
indexK1,K2,M1c ([σ1])|s1 (Y1, Y2) index
K2,M2
c ([σ2])|s2(Y2)
for (Y1, Y2) in a neighborhood of 0 in k1(s1)× k2(s2). We conduct the proof only
for s equal to the identity e, as the proof for s general is entirely similar.
For k = 1, 2, let πk : T
∗M → T∗Mk be the projection. The Liouville one
form ω on T∗(M1 ×M2) is equal to π∗1ω1 + π
∗
2ω2, where ωk is the Liouville one
form on T∗Mk.
We have three index formulas:
indexK,Mc ([σ])|e(X1, X2) := (2iπ)
− dimM
∫
T∗M
Â(M)2Chc(σ, ω)(X1, X2),
indexK,M1c ([σ1])|e(X1, X2) := (2iπ)
− dimM1
∫
T∗M1
Â(M1)
2 Ch1c(σ1, ω1)(X1, X2),
indexK2,M2c ([σ2])|e(X2) := (2iπ)
− dimM2
∫
T∗M2
Â(M2)
2 Chc(σ2, ω2)(X2).
Following Remark 3.20, Ch1c(σ1, ω1)(X1, X2) denotes a closed equivariant
form with compact support which represents the class Chc(σ1, ω1), and which
is smooth relatively to X2 ∈ k2.
It is immediate to check that Â(M)2(X1, X2) = Â(M1)
2(X1, X2) Â(M2)
2(X2).
Hence Equality (35) follows from the following identity in H−∞c (k1 × k2,T
∗M)
that we proved in [17]:
π∗1 Ch
1
c(σ1, ω1)(X1, X2) ∧ π
∗
2 Chc(σ2, ω2)(X2) = Chc(σ, ω)(X1, X2).
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4.3 Normalization conditions
4.3.1 Atiyah symbol
Let V := C[1] be equipped with the canonical action of S
1. The Atiyah symbol
σAt was introduced in Subsection 2.4.2 : it is a S
1-transversally elliptic symbol
on V . It is the first basic example of a “pushed” symbol (see Subsection 5.1).
We consider on V the euclidean metric (v, w) = ℜ(vw) : it gives at any
v ∈ V identifications TvV ≃ T
∗
vV ≃ C[1]. So in this example we will make
no distinction between vectors fields and 1-forms on V . Let κ(ξ1) = iξ1 be the
vector field on V associated to the action of S1 : κ = −V X where X = i ∈
Lie(S1).
Let σV be the symbol on the complex vector space V : at any (ξ1, ξ2) ∈ T
∗V ,
σV (ξ1, ξ2) : ∧0V → ∧1V acts by multiplication by ξ2. We see then that
σAt(ξ1, ξ2) = σV (ξ1, ξ2 + κ(ξ1)).
The symbol σAt is obtained by “pushing” the symbol σ by the vector field κ.
We can attached to the one form κ, the equivariant form Par(κ) which is
defined on V , and localized near {κ = 0} = {0} ⊂ V . Since the support of σV
is the zero section, the equivariant Chern character Chsup(σV ) is an equivariant
form on T∗V which is compactly supported in the fibers of p : T∗V → V .
Then the product Chsup(σV )p
∗Par(κ) defines an equivariant form with compact
support on T∗V .
Here we will use the relation (see Proposition 5.5)
(36) Chsup(σAt)Par(ω) = Chsup(σV ) p
∗Par(κ) in H−∞c (k,T
∗V ).
Using (36), we now compute the cohomological index of the Atiyah symbol.
Proposition 4.7 We have
[N3] indexS
1,V
c ([a])(e
iθ) = −
∞∑
n=1
einθ .
Proof. We first prove the equality above when s = eiθ is not equal to
1. Then, near s, the generalized function −
∑∞
n=1 e
inθ is analytic and given by
− s1−s .
Now, at a point s ∈ S1 different from 1, the fixed point set V (s) is {0}. The
character Chs(E) is (1− s), and the form Ds(N ) is (1− s)(1 − s−1). Thus
indexS
1,V
c (s) =
(1− s)
(1− s)(1− s−1)
= −
s
1− s
.
This shows the equality of both members in Proposition 4.7 on the open set
s 6= 1 of S1.
We now compute near s = 1. Thanks to Formula (36) we have
indexS
1,V
c (σAt)|1(θ) = (2iπ)
−2
∫
T∗V
Â(V )2(θ) Chsup(σV )(θ) p
∗Par(κ)(θ).
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The Chern character with support Chsup(σV )(θ) is proportional to the S
1-
equivariant Thom form of the real vector bundle T∗V → V . More precisely,
calculation already done in [16] shows that
Chsup(σV )(θ) = (2iπ)
eiθ −1
iθ
Thom(T∗V )(θ).
However the symplectic orientation on T∗V ≃ C2 is the opposite of the orien-
tation given by its complex structure. Now
Â(V )2(θ) =
(iθ)(−iθ)
(1− eiθ)(1− e−iθ)
.
Thus we obtain
indexS
1,V
c (σAt)|1(θ) =
−iθ
(1 − e−iθ)
1
2iπ
∫
V
Par(κ)(θ).
As (1−e
−iθ)
−iθ = −
∫ 0
−1
eixθ dx, we see that (1−e
−iθ)
−iθ (−
∑∞
n=1 e
inθ) =
∫∞
0
eixθ dx. It
remains to show
(37)
1
2iπ
∫
V
Par(κ)(θ) =
∫ ∞
0
eirθ dr.
We have Dκ(θ) = θ(x2 + y2) + 2dx ∧ dy. Take a function g on R with compact
support and equal to 1 on a neighborhood of 0. Let χ = g(x2 + y2). Then
Par(κ)(θ) = χ− idχ ∧ κ
∫ ∞
0
eitDκ(θ) dt
= g(x2 + y2)− 2ig′(x2 + y2)dx ∧ dy
∫ ∞
0
(x2 + y2) eiθt(x
2+y2) dt
= g(x2 + y2)− 2ig′(x2 + y2)dx ∧ dy
∫ ∞
0
eiθt dt.
Finally we obtain (37) since
∫
V −2ig
′(x2+y2)dx∧dy = 2iπ. This completes
the proof.
4.3.2 Bott symbols
We will check here that the cohomological index satisfies the condition [N2]:
indexO(V ),Vc (Bott(VC)) = 1, for any euclidean vector space V .
We have explain in Remark 2.8 that it sufficient to prove [N2] for the cases:
• V = R with the action of the group O(V ) = Z/2Z,
• V = R2 with the action of the group SO(V ) = S1.
Let V = R with the multiplicative action of Z2. We have to check that
indexR,Z2c (Bott(C))(ǫ) = 1 for ǫ ∈ Z2. When ǫ = 1, we have
indexR,Z2c (Bott(C))(1) = (2iπ)
−1
∫
T∗R
Â(R)2 Chc(Bott(C)).
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Here Â(R)2 = 1. We have proved in [16] that the class Chc(Bott(C)) ∈ H2c(T
∗
R)
is equal to 2iπ times the Thom form of the oriented vector space of R2 ≃ T∗R.
Hence indexR,Z2c (Bott(C))(1) = 1. When ǫ = −1, the space T
∗
R(ǫ) is reduced
to a point. We see that Chc(Bott(C), ǫ) = 2, Dǫ(N ) = det(1 − ǫ) = 2. Then
indexR,Z2c (Bott(C))(1) =
Chc(Bott(C),ǫ)
Dǫ(N )
= 1.
Let V = R2 with the rotation action of S1. Like before indexR
2,S1
c (Bott(C
2))(1)
is equal to 1 since the Chern class Chc(Bott(C
2)) is equal to (2iπ)2 times the
Thom form of the oriented vector space of R4 ≃ T∗R2. When eiθ 6= 1, the space
T∗R2(eiθ) is reduced to a point. We see that Chc(Bott(C), e
iθ) = Deiθ (N ) =
2(1− cos(θ)). Then indexR
2,S1
c (Bott(C
2))(eiθ) = 1.
5 Examples
5.1 Pushed symbols
Let M be a K-manifold and N = T∗M . Let E± → M be two K-equivariant
complex vector bundles onM and σ : p∗E+ → p∗E− be a K-equivariant symbol
which is supposed to be invertible exactly outside the zero section : the
set supp(σ) coincides with the zero section of T∗M .
If M is compact, σ defines an elliptic symbol on T∗M , thus a fortiori a
transversally elliptic symbol.
Here we assume M non compact. Following Atiyah’s strategy [1], we can
“push” the symbol σ outside the zero section, if we dispose of a K-invariant
real one-form κ on M . This construction provides radically new transversally
elliptic symbols. We recall some definitions of [17]:
Definition 5.1 Let κ be a real K-invariant one-form on M . Define fκ :M →
k∗ by 〈fκ(x), X〉 = 〈κ(x), VxX〉. We define the subset Cκ of M by Cκ = f−1κ (0).
We call Cκ the critical set of κ.
We define the symbol σ(κ) on M by
σ(κ)(x, ξ) = σ(x, ξ + κ(x)), for (x, ξ) ∈ T∗M.
Thus σ(κ) is not invertible at (x, ξ) if and only if ξ = −κ(x), and then (x, ξ) ∈
supp(σ(κ)) ∩T∗KM if ξ = −κ(x) and 〈κ(x), VxX〉 = 0 for all X ∈ k. Thus
supp(σ(κ)) ∩T∗KM = {(x,−κ(x)) | x ∈ Cκ}.
If Cκ is compact, then the morphism σ(κ) is transversally elliptic.
Using a K-invariant metric on TM , we can associate to a K-invariant vector
field K on M a K-invariant real one-form.
Example 5.2 Let S ∈ k be a central element of k such that the set of zeroes of
V S is compact. Then the associated form κS(•) = 〈V S, •〉 is a K-invariant real
one-form such that CκS is compact. Indeed the value of fκS on S is ‖V S‖
2, so
that the set CκS coincides with the fixed point set M(S).
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Definition 5.3 If κ is a K-invariant real one-form on M such that Cκ is com-
pact, the transversally elliptic symbol
σ(κ)(x, ξ) = σ(x, ξ + κ(x))
is called the pushed symbol of σ by κ.
Example 5.4 The Atiyah symbol is a pushed symbol defined on M = R2 (see
Subsection 4.3.1).
We construct as in (15) the K-equivariant differential form
β(κ)(X) = −iκ ∧
∫ ∞
0
eitDκ(X) dt
which is defined on M \ Cκ. We choose a compactly supported function χκ on
M identically 1 near Cκ. Then the K-equivariant form
Par(κ)(X) = χκ + dχκβ(κ)(X)
defined a class in H−∞c (k,M).
The K-equivariant form Par(κ) is congruent to 1 in cohomology without
support conditions. Indeed one verify that Par(κ) = 1 +D((χκ − 1)β(κ)).
Let p : T∗M → M be the projection. We can multiply the K-equivariant
form p∗Par(κ)(X) with C−∞-coefficients by theK-equivariant form Chsup(σ)(X).
In this way, we obtain a K-equivariant form with compact support on T∗M .
Proposition 5.5 The K-equivariant form Chsup(σ)p
∗Par(κ) represents the class
Chc(σ(κ), ω) in H−∞c (k,T
∗M).
Proof. By definition the class Chc(σ(κ), ω) is represented by the product
Chsup(σ(κ))Par(ω) We first prove Chsup(σ(κ))Par(ω) = Chsup(σ(κ))Par(p
∗κ)
in H−∞c (k,T
∗M).
Indeed if (x, ξ) ∈ supp(σ(κ)), then ξ = −κ(x). Thus 〈ω(x, ξ), v〉 = −〈ξ, p∗v〉
= 〈κ(x), p∗v〉 where v is any tangent vector at (x, ξ) ∈ T
∗M . So the 1-
forms ω and p∗κ coincides on the support of σ(κ). Thus Chsup(σ(κ))Par(ω) =
Chsup(σ(κ))p
∗Par(κ) as consequence of ([17], Corollary 3.12).
Let us prove now that Chsup(σ(κ))p
∗Par(κ) = Chsup(σ)p
∗Par(κ). Consider
the family of symbols on M defined by σt(x, ξ) = σ(x, ξ + tκ(x)) for t ∈ [0, 1] :
we have σ0 = σ and σ1 = σ(κ).
On a compact neighborhood U of Cκ, the support of σt stays in the compact
set {(x, ξ) : x ∈ U , ξ = −tκ(x)} when t varies between 0 and 1. It follows from
([17], Theorem 3.11) that all the classes Chsup(σt)p
∗Par(κ), t ∈ [0, 1] coincides
in H−∞c (k,T
∗M).
Similarly for any s ∈ K, we consider the restriction κs of the form κ to
M(s). We finally obtain the following formula:
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Theorem 5.6 For any s ∈ K and X ∈ k(s) small, the cohomological index
indexK,Mc (σ(κ))|s(Y ) is given on k(s) by the integral formula:∫
T∗M(s)
Λs(Y ) Par(κs)(Y ) Chsup(σ, s)(Y ).
In particular, when s = 1 we get
indexK,Mc (σ(κ))|e(X) = (2iπ)
− dimM
∫
T∗M
Â(M)2(X) Par(κ)(X) Chsup(σ)(X).
An interesting situation is when the manifoldM is oriented, and is equipped
with a K-invariant Spin structure. Let SM → M be the corresponding spinor
bundle. We consider the K-invariant symbol σspin : p
∗S+M → p
∗S−M . It support
is exactly the zero section of the cotangent bundle. For any invariant 1-form
κ on M such that Cκ is compact we consider the transversally elliptic symbol
σSpin(κ).
We have proved in [16] that
Chsup(σspin)(X) = (2iπ)
dimM Aˆ(M)−1(X)Thom(T∗M)(X).
Hence Theorem 5.6 tell us that
indexK,Mc (σspin(κ))|e(X) =
∫
M
Â(M)(X) Par(κ)(X).
5.2 Contact manifolds
The following geometric example is taken from [11].
Let M be a compact manifold of dimension 2n+1. Suppose that M carries
a contact 1-form α ; that is, E = ker(α) is a hyperplane distribution of TM ,
and the restriction of the 2-form dα to E is symplectic. The existence of a
Reeb vector field Y on M gives canonical decompositions TM = E ⊕ RY and
T∗M = E∗ ⊕ E0 with E0 = Rα.
Let J be a K-invariant complex structure on the bundle E which is com-
patible with the symplectic structure dα. We equipped the bundle E∗ with the
complex structure J∗ defined by J∗(ξ) := ξ ◦ J for any cotangent vector ξ. We
note that the complex bundle (E∗, J∗) is the complex dual of the vector bundle
(E, J).
We consider the Z2-graded complex vector bundle E := ∧J∗E
∗. The Clifford
action defines a bundle map c : E∗ → EndC(E). We consider now the symbol
on M
σb : p
∗(E+)→ p∗(E−)
defined by σb(x, ξ) = c(ξ
′) where ξ′ is the projection of ξ ∈ T∗M on E∗.
We see that the support of σb is equal to E
0 ⊂ T∗M : σb is not an elliptic
symbol.
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Let K be a compact Lie group acting on M , which leaves α invariant. Then
E,E∗ are K-equivariant complex vector bundles, and the complex struture J
can be chosen K-invariant. The morphism σb is then K-equivariant.
We suppose for the rest of this section that
(38) E0 ∩T∗KM = zero section of T
∗M
It means that for any x ∈ M , the map fα(x) : X 7→ αx(VxX) is not the zero
map. Under this hypothesis the symbol σb is transversally elliptic.
Under the hypothesis (38), we can define the following closed equivariant
form on M with C−∞-coefficients
Jα(X) := α
∫
R
eitDα(X) dt.
For any ϕ ∈ C∞c (k), the expression
∫
k
Jα(X)ϕ(X)dX := α
∫
R
eitdα ϕ̂(tfα)dt
is a well defined differential form on M since the map fα :M → k∗ as an empty
0-level set.
Let Todd(E)(X) be the equivariant Todd class of the complex vector bundle
(E, J). We have the following
Theorem 5.7 ([11]) For any X ∈ k sufficiently small,
indexK,Mc (σb)(e
X) = (2iπ)−n
∫
M
Todd(E)(X)Jα(X).
Proof. Consider the equivariant form with compact support Chsup(σb)Par(ω).
The Chern form Chsup(σb) attached to the complex vector bundle E
∗ is com-
puted in [17] as follows. Let Thom(E∗)(X) be the equivariant Thom form, and
let Todd(E∗)(X) be the equivariant Todd form. We have proved in [17], that
(39) Chsup(σb) = (2iπ)
nTodd(E∗)(X)−1Thom(E∗)(X).
Let [R] be the trivial vector bundle over M . We work trought the isomor-
phism E∗ ⊕ [R] ≃ T∗M who sends (x, ξ, t) to (x, ξ + tα(x)). We consider the
invariant 1-form λ on E∗ ⊕ [R] ≃ T∗M defined by
λ = −t p∗(α)
Here p : E∗ ⊕ [R]→M is the projection, and t denotes the function that sends
(x, ξ, t) to t.
It is easy to check that the form λ and the Liouville one form ω are equal
on the support of σb. Thus
Chsup(σb)Par(ω) = Chsup(σb)Par(λ), in H
−∞
c (k,T
∗M),
as consequence of ([17], Corollary 3.12). We have then
indexK,Mc (σb)(e
X) = (2iπ)− dimM
∫
T∗M
Â(M)2(X)Chsup(σb)(X)Par(λ)(X).
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The integral of Chsup(σb)(X)Par(λ)(X) on the fibers of T
∗M is then equal to
the product (∫
E∗ fiber
Chsup(σb)(X)
)(∫
R
Par(λ)(X)
)
If we uses (39), we see that the integral
∫
E∗ fiber Chsup(σb)(X) is equal to
(2iπ)nTodd(E∗)(X)−1. A small computation gives that
∫
R
Par(λ)(X) is equal
to (2iπ)Jα(X). The proof is now completed since Â(M)2(X)Todd(E∗)(X)−1 =
Todd(E)(X).
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